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Abstract: The computation of exclusive QCD jet observables at higher orders requires
a method for the subtraction of infrared singular configurations arising from multiple ra-
diation of real partons. We present a subtraction scheme relevant for NNLO perturbative
calculations in e+e− → jets. The building blocks of the scheme are antenna functions
derived from the matrix elements for tree-level 1 → 3 and 1 → 4 and one-loop 1 → 3
processes. By construction, these building blocks have the correct infrared behaviour when
one or two particles are unresolved. At the same time, their integral over the antenna
phase space is straightforward. As an example of how to use the scheme we compute the
NNLO contributions to the subleading colour QED-like contribution to e+e− → 3 jets. To
illustrate the application of NNLO antenna subtraction for different colour structures, we
construct the integrated forms of the subtraction terms needed for the five-parton and four-
parton contributions to e+e− → 3 jets at NNLO in all colour factors, and show that their
infrared poles cancel analytically with the infrared poles of the two-loop virtual correction
to this observable.
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1. Introduction
Experimental measurements of jet production observables are among the most sensitive
tests of the theory of Quantum Chromodynamics (QCD), and yield very accurate determi-
nations of QCD parameters [1], especially of the strong coupling constant αs. At present,
the precision of many of these determinations is limited not by the quality of the experi-
mental data, but by the error on the theoretical (next-to-leading order, NLO) calculations
used for the extraction of the QCD parameters. To improve upon this situation, an exten-
sion of the theoretical calculations to next-to-next-to-leading order (NNLO) is therefore
mandatory [2].
In the recent past, many ingredients to NNLO calculations of collider observables have
been derived, including the universal three-loop QCD splitting functions [3] which govern
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the evolution of parton distribution functions at NNLO. The massless two-loop 2→ 2 and
1 → 3 matrix elements relevant to NNLO jet production have been computed [4, 5] using
several innovative methods [6], and are now available for many processes of phenomeno-
logical relevance. The one-loop corrections to 2→ 3 and 1→ 4 matrix elements have been
known for longer [7,8] and form part of NLO calculations of the respective multi-jet observ-
ables [9,10]. These NLO matrix elements naturally contribute to NNLO jet observables of
lower multiplicity if one of the partons involved becomes unresolved (soft or collinear) [11].
In these cases, the infrared singular parts of the matrix elements need to be extracted and
integrated over the phase space appropriate to the unresolved configuration to make the
infrared pole structure explicit. Methods for the extraction of soft and collinear limits
of one-loop matrix elements are worked out in detail in the literature [11–16]. As a final
ingredient, the tree level 2 → 4 and 1 → 5 processes also contribute to (2 → 2)- and
(1 → 3)-type jet observables at NNLO. These contain double real radiation singularities
corresponding to two partons becoming simultaneously soft and/or collinear [17–20]. To
determine the contribution to NNLO jet observables from these configurations, one has
to find two-parton subtraction terms which coincide with the full matrix element and are
still sufficiently simple to be integrated analytically in order to cancel their infrared pole
structure with the two-loop virtual and the one-loop single-unresolved contributions. In
the past, such configurations were only dealt with on a case-by-case basis in the context
of specific calculations [17, 21–24], while no general method was available. Several meth-
ods have been proposed recently to accomplish this task [25–29]. Up to now, only one
method has been fully worked through for observables of physical interest:the sector de-
composition algorithm [30, 31]. In this method, both phase space and loop integrals are
analytically decomposed into their Laurent expansion in dimensional regularisation, and
the coefficients of the expansion are numerically integrated. Results have been obtained
for e+e− → 2j [32], pp→ H +X [33] and most recently for muon decay [34] at NNLO. In
contrast to all other approaches, in the sector decomposition method one does not have to
integrate the subtraction term analytically.
Following a number of pioneering calculations [35–37], infrared subtraction of real
radiation singularities is well understood at NLO, where several generic process independent
methods exist [38,40,41]. One of these methods is the so-called antenna subtraction [10,41],
which derives NLO subtraction terms from three-parton tree-level matrix elements which
naturally encapsulate all singular limits due to unresolved emission of a single parton
between two colour-connected [42, 43] hard partons (radiators). In [44], we described the
construction of NNLO subtraction terms for e+e− → 2j based on full four-parton tree-
level and three-parton one-loop matrix elements, which can be integrated analytically over
the appropriate phase spaces [31]. If normalised appropriately, these full four-parton tree-
level and three-parton one-loop matrix elements can be interpreted as antenna functions at
NNLO. These NNLO antenna subtraction terms derived from four-parton matrix elements
with a hard quark-antiquark pair in [44] were used subsequently [45] to compute the α3sC
3
F –
correction to e+e− → 3j at NNLO.
The calculation presented in [44] included only antenna functions involving radiation
off a hard quark-antiquark pair. We derived colour-ordered matrix elements (and thus
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NNLO antenna functions) for the two other partonic configurations (hard quark-gluon ra-
diators and hard gluon-gluon radiators) by using appropriate effective Lagrangian densities
coupling an external current to a gluino–gluon [46] or gluon-gluon [47] system.
In the present paper, we describe the antenna subtraction method at NNLO in detail
and provide an algorithm for the construction of antenna subtraction terms at NNLO
from the basic three-parton and four-parton antenna functions. For the sake of clarity,
we restrict ourselves to the kinematical situation of a colour-neutral particle decaying into
coloured final state partons, as relevant to e+e− → m jets at NNLO. The basic structure of
the NNLO antenna subtraction can however be carried over to configurations with partons
in the initial state.
The paper is structured as follows. In Section 2 we describe the antenna subtraction
method at NLO and NNLO, and explain the construction of the subtraction functions
for tree-level and one-loop real radiation matrix elements up to NNLO accuracy from
the basic three- and four-parton antenna functions. All antenna functions are derived
and integrated over their appropriate final state phase spaces in the following sections.
Section 3 establishes the notation, and lists the different possible antenna configurations.
In Section 4, we introduce the colour-ordered infrared singularity operators [48] appearing
in the integrated NLO and NNLO antenna functions. The quark-antiquark, quark-gluon
and gluon-gluon antenna functions in both unintegrated and integrated forms are then
derived in Sections 5–7. Their behaviour in all single and double unresolved limits is
summarised in Section 8. As a first non-trivial application of our method, we document
the calculation of the subleading colour NNLO QCD correction to the e+e− → 3j cross
section (which was already reported briefly in [45]) in Section 9. To illustrate the generality
of the method, and to outline future applications of it, we reconstruct the infrared pole
structure of the integrated NNLO subtraction terms for e+e− → 3j in all colour factors,
and show that these cancel the explicit infrared poles of the two-loop virtual corrections to
this observable in Section 10. Finally, Section 11 contains our conclusions and an outlook
on applications and extensions of the method presented here.
2. Infrared subtraction terms
To obtain the perturbative corrections to a jet observable at a given order, all partonic
multiplicity channels contributing to that order have to be summed. In general, each par-
tonic channel contains both ultraviolet and infrared (soft and collinear) singularities. The
ultraviolet poles are removed by renormalisation, however the soft and collinear infrared
poles cancel among each other when all partonic channels are summed over [49].
While infrared singularities from purely virtual corrections are obtained immediately
after integration over the loop momenta, their extraction is more involved for real emission
(or mixed real-virtual) contributions. Here, the infrared singularities only become explicit
after integrating the real radiation matrix elements over the phase space appropriate to the
jet observable under consideration. In general, this integration involves the (often iterative)
definition of the jet observable, such that an analytic integration is not feasible (and also
not appropriate). Instead, one would like to have a flexible method that can be easily
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i j k l
Figure 1: Illustration of colour connection.
adapted to different jet observables or jet definitions. Therefore, the infrared singularities
of the real radiation contributions should be extracted using infrared subtraction terms.
The crucial points that all subtraction terms must satisfy are that (a) they approximate
the full real radiation matrix elements in all singular limits and (b) are still sufficiently
simple to be integrated analytically over a section of phase space that encompasses all
regions corresponding to singular configurations. Note that the subtraction terms should
also be local and should fully account for the limit they are aimed at without introducing
spurious infrared singularities in other limits.
In this paper, we shall restrict ourselves to the kinematical situation of a massive,
colour-neutral particle decaying into massless coloured partons, such as multijet production
in electron–position annihilation:
e+e− → m jets .
In this situation, infrared singularities appear only due to final state radiation. In the more
general partonic scattering kinematics, coloured partons are also present in the initial state,
yielding initial state and fixed initial/final state singularities. The method presented here
can, like the antenna factorisation method at NLO [41], be extended to these situations.
This extension is beyond the scope of this paper, and will only be commented on briefly in
Section 11 below.
To specify the notation, we define the tree-level n-parton contribution to the m-jet
cross section (for tree level cross sections n = m; we leave n 6= m for later reference) in d
dimensions by,
dσB = N
∑
n
dΦn(p1, . . . , pn; q)
1
Sn
|Mn(p1, . . . , pn)|2 J (n)m (p1, . . . , pn). (2.1)
the normalisation factor N includes all QCD-independent factors as well as the dependence
on the renormalised QCD coupling constant αs,
∑
n denotes the sum over all configurations
with n partons, dΦn is the phase space for an n-parton final state with total four-momentum
qµ in d = 4− 2ǫ space-time dimensions,
dΦn(p1, . . . , pn; q) =
dd−1p1
2E1(2π)d−1
. . .
dd−1pn
2En(2π)d−1
(2π)d δd(q − p1 − . . .− pn) , (2.2)
while Sn is a symmetry factor for identical partons in the final state. |Mn|2 denotes
a squared, colour-ordered tree-level n-parton matrix element, where particle 1 is colour
connected to particle 2 which is colour connected to particle 3 and so on as illustrated in
Figure 1. Contributions to the squared matrix element which are subleading in the number
of colours can equally be treated in the same context, noting that these subleading terms
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yield configurations where a certain number of essentially non-interacting particles are
emitted between a pair of hard radiators. By carrying out the colour algebra, it becomes
evident that non-ordered gluon emission inside a colour-ordered system is equivalent to
photon emission off the outside legs of the system [18,42]. For simplicity, these subleading
colour contributions are also denoted as squared matrix elements |Mm|2, although they
often correspond purely to interference terms between different amplitudes.
The precise definition depends on the number and types of particles involved in the
process. However, all colour orderings are summed over in
∑
m with the appropriate colour
weighting. The jet function J
(n)
m defines the procedure for building m jets out of n partons.
The main property of J
(n)
m is that the jet observable defined above is collinear and infrared
safe as explained in [39, 40]. In general J
(n)
m contains θ and δ-functions. J
(n)
m can also
represent the definition of the n-parton contribution to an event shape observable related
to m-jet final states.
From (2.1), one obtains the leading order approximation to the m-jet cross section by
integration over the appropriate phase space.
dσLO =
∫
dΦm
dσB . (2.3)
Depending on the jet function used, this cross section can still be differential in certain
kinematical quantities.
2.1 NLO infrared subtraction terms
At NLO, we consider the following m-jet cross section,
dσNLO =
∫
dΦm+1
(
dσRNLO − dσSNLO
)
+
[∫
dΦm+1
dσSNLO +
∫
dΦm
dσVNLO
]
. (2.4)
The cross section dσRNLO has the same expression as the Born cross section dσ
B
NLO (2.1)
above except that m → m + 1, while dσVNLO is the one-loop virtual correction to the m-
parton Born cross section dσB . The cross section dσSNLO is a (preferably local) counter-term
for dσRNLO. It has the same unintegrated singular behaviour as dσ
R
NLO in all appropriate
limits. Their difference is free of divergences and can be integrated over the (m+1)-parton
phase space numerically. The subtraction term dσSNLO has to be integrated analytically
over all singular regions of the (m + 1)-parton phase space. The resulting cross section
added to the virtual contribution yields an infrared finite result.
A systematic procedure for finding NLO infrared subtraction terms is the antenna
formalism introduced in [10, 41]. The antenna subtraction terms are obtained as sum of
antennae:
dσSNLO = N
∑
m+1
dΦm+1(p1, . . . , pm+1; q)
1
Sm+1
×
∑
j
X0ijk |Mm(p1, . . . , p˜I , p˜K , . . . , pm+1)|2 J (m)m (p1, . . . , p˜I , p˜K , . . . , pm+1) , (2.5)
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i j k I K
Figure 2: Colour connection of the partons showing the parent and daughter partons for the single
unresolved antenna.
such that,
dσRNLO − dσSNLO = N
∑
m+1
dΦm+1(p1, . . . , pm+1; q)
1
Sm+1
×
[
|Mm+1(p1, . . . , pm+1)|2 J (m+1)m (p1, . . . , pm+1)
−
∑
j
X0ijk |Mm(p1, . . . , p˜I , p˜K , . . . , pm+1)|2 J (m)m (p1, . . . , p˜I , p˜K , . . . , pm+1)
]
.
(2.6)
The subtraction term involves the m-parton amplitude depending only on the rede-
fined on-shell momenta p1, . . . , p˜I , p˜K , . . . , pm+1 where p˜I , p˜K are linear combinations of
pi, pj , pk while the tree antenna function X
0
ijk depends only on pi, pj , pk. X
0
ijk describes all
of the configurations (for this colour-ordered amplitude) where parton j is unresolved. This
occurs because of the particular factorisation properties of colour-ordered amplitudes. In
particular, when particle j is a gluon and becomes soft, the colour-ordered matrix element
undergoes QED-like factorisation so that,
|Mm+1(p1, . . . , pi, pj , pk, . . . , pm+1)|2 → 2sik
sijsjk
|Mm(p1, . . . , p˜I , p˜K , . . . , pm+1)|2.
In this limit p˜I ≡ pi and p˜K ≡ pk. Together particles I and K form a colour connected
hard antenna that radiates particle j. In doing so, the momenta of the radiators change to
form particles i and k. The type of particle may also change. For example when particle
j is a gluon, the colour factor is modified at the amplitude level by,
T
aj
ik ↔ δiIδIKδKk,
as illustrated in Figure 2. The antenna factorisation of squared matrix element and phase
space can be illustrated pictorially, as displayed in Figure 3.
The antenna approach described here is closely related to the commonly used dipole
factorisation formalism derived by Catani and Seymour [40]. Here, the corresponding
subtraction term for the same colour-ordered squared matrix element is given by
dσSNLO = N
∑
m+1
dΦm+1(p1, . . . , pm+1; q)
1
Sm+1
[
∑
j
Dij,k |Mm((p1, . . . , p˜ij , p˜k, . . . , pm+1)|2 J (m)m (p1, . . . , p˜ij , p˜k, . . . , pm+1)
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Figure 3: Illustration of NLO antenna factorisation representing the factorisation of both the
squared matrix elements and the (m+ 1)-particle phase space. The term in square brackets repre-
sents both the antenna function X0ijk and the antenna phase space dΦXijk .
+
∑
j
Dkj,i |Mm((p1, . . . , p˜i, p˜kj , . . . , pm+1)|2 J (m)m (p1, . . . , p˜i, p˜kj , . . . , pm+1)
]
.
(2.7)
In the first term, the dipole contribution involves the m-parton amplitude which only
depends on the redefined on-shell momenta p1, . . . , p˜ij , p˜k, . . . , pm+1 and the dipole function
Dij,k which depends on pi, pj , pk. The momenta pi, pj and pk are respectively the emitter,
unresolved parton and the spectator momenta corresponding to a single dipole term. In
the second term, the role of emitter and spectator are exchanged. The redefined on-
shell momenta p˜ij, p˜k (p˜kj , p˜i) are different linear combinations of pi, pj and pl for each
dipole. In the antenna approach, the momentum mapping would be the same for each
dipole contribution and the two terms combine to form the tree antenna, X0ijk. The two
dipoles combining to an antenna have a common unresolved parton, and contain the two
possible emitter/spectator combinations. In the antenna language, emitter and spectator
act as radiators. Note that we can always choose to divide the antenna and use different
momentum maps for the two parts.
The jet function J
(m)
m in (2.6) does not depend on the individual momenta pi, pj and
pk, but only on p˜I , p˜K . One can therefore carry out the integration over the unresolved
dipole phase space appropriate to pi, pj and pk analytically, exploiting the factorisation of
the phase space,
dΦm+1(p1, . . . , pm+1; q) = dΦm(p1, . . . , p˜I , p˜K , . . . , pm+1; q) · dΦXijk(pi, pj , pk; p˜I + p˜K) .
(2.8)
The NLO antenna phase space dΦXijk is proportional to the three-particle phase space,
as can be seen by using m = 2 in the above formula and exploiting the fact that the
two-particle phase space is a constant,
P2 =
∫
dΦ2 = 2
−3+2ǫπ−1+ǫ
Γ(1− ǫ)
Γ(2− 2ǫ)
(
q2
)−ǫ
, (2.9)
such that
dΦ3 = P2 dΦXijk . (2.10)
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For the analytic integration, we can use (2.8) to rewrite each of the subtraction terms
in the form,
|Mm|2 J (m)m dΦm
∫
dΦXijk X
0
ijk,
where |Mm|2, J (m)m and dΦm depend only on p1, , . . . , p˜I , p˜K , . . . , pm+1 and dΦXijk and X0ijk
depend only on pi, pj , pk. The analytic integral of the subtraction term is therefore defined
as the antenna function integrated over the fully inclusive antenna phase space, normalised
appropriately,
X 0ijk(sijk) =
(
8π2 (4π)−ǫ eǫγ
) ∫
dΦXijk X
0
ijk. (2.11)
This integration is performed analytically in d dimensions to make the infrared singu-
larities explicit and added directly to the one-loop m-particle contributions. The factor(
8π2 (4π)−ǫ eǫγ
)
in the above equation is related to the normalisation of the renormalised
coupling constant, and its relation to the bare coupling parameter g =
√
4πα0 appearing
in the QCD Lagrangian density:
α0µ
2ǫ
0 Sǫ = αsµ
2ǫ
[
1− β0
ǫ
(αs
2π
)
+
(
β20
ǫ2
− β1
2ǫ
)(αs
2π
)2
+O(α3s)
]
, (2.12)
where
Sǫ = (4π)
ǫe−ǫγ with Euler constant γ = 0.5772 . . .
and µ20 is the mass parameter introduced in dimensional regularisation to maintain a di-
mensionless coupling in the bare QCD Lagrangian density; β0 and β1 are the first two
coefficients of the QCD β-function:
β0 =
11N − 2NF
6
, β1 =
34N3 − 13N2NF + 3NF
12N
, (2.13)
with N = 3 colours and NF massless quark flavours.
2.2 NNLO infrared subtraction terms
At NNLO, them-jet production is induced by final states containing up to (m+2) partons,
including the one-loop virtual corrections to (m+ 1)-parton final states. As at NLO, one
has to introduce subtraction terms for the (m + 1)- and (m + 2)-parton contributions.
Schematically the NNLO m-jet cross section reads,
dσNNLO =
∫
dΦm+2
(
dσRNNLO − dσSNNLO
)
+
∫
dΦm+2
dσSNNLO
+
∫
dΦm+1
(
dσV,1NNLO − dσV S,1NNLO
)
+
∫
dΦm+1
dσV S,1NNLO
+
∫
dΦm
dσV,2NNLO , (2.14)
where dσSNNLO denotes the real radiation subtraction term coinciding with the (m + 2)-
parton tree level cross section dσRNNLO in all singular limits. Likewise, dσ
V S,1
NNLO is the
one-loop virtual subtraction term coinciding with the one-loop (m+1)-parton cross section
dσV,1NNLO in all singular limits. Finally, the two-loop correction to them-parton cross section
is denoted by dσV,2NNLO.
– 9 –
2.3 Tree-level double real radiation subtraction terms
Let us first consider the construction of the subtraction terms for the double radiation
contribution dσSNNLO, which shall correctly subtract all single and double unresolved sin-
gularities contained in the (m+2)-parton real radiation contribution to m-jet final states,
dσRNNLO = N
∑
m+2
dΦm+2(p1, . . . , pm+2; q)
1
Sm+2
× |Mm+2(p1, . . . , pm+2)|2 J (m+2)m (p1, . . . , pm+2) . (2.15)
Single real radiation singularities correspond to one parton becoming soft or collinear, while
double real radiation singularities occur if two partons become soft or collinear simultane-
ously. Singular terms in these limits can be identified by requiring a minimum number of
invariants tending to zero in a given kinematical configuration. This number depends on
the limit under consideration and follows from the phase space volume available to a given
configuration. A detailed discussion of the kinematical definition of double unresolved
limits can be found in [18,19].
We must distinguish the following configurations:
(a) One unresolved parton but the experimental observable selects only m jets.
(b) Two colour-connected unresolved partons (colour-connected).
(c) Two unresolved partons that are not colour connected but share a common radiator
(almost colour-unconnected).
(d) Two unresolved partons that are well separated from each other in the colour chain
(colour-unconnected).
The first configuration was treated already in the context of antenna subtraction at
NLO in Section 2.1 above. In the context of the construction of dσSNNLO, the same single-
particle subtraction terms can be used. These do however not yet guarantee a finite
(m + 2)-parton contribution in all single unresolved regions for two reasons: (1) while
the jet function in dσSNLO ensured that the subtraction term is non-zero only in the single
unresolved limit it was constructed for, this is no longer the case for single unresolved
radiation at NNLO; (2) the subtraction terms for the remaining three double unresolved
configurations will in general be singular in the single unresolved regions, where they do
not match the matrix element. Both problems will be addressed below.
The remaining three configurations (b)–(d) are illustrated in Figures 4, 5 and 6. The
singular behaviour of the full (m+2)-parton matrix element in these configurations is the
product of double unresolved factors (see Section 8 below) and reduced m-parton matrix
elements. Subtraction terms for all these configurations can be constructed using either
single four-parton antenna functions or products of two three-parton antenna functions.
In all cases, attention has to be paid to the matching of different double and single unre-
solved regions. This problem has been addressed already in several earlier publications on
subtraction at NNLO [25–29,44], the most concise discussion can be found in [29].
In the following, we construct the subtraction terms for all four configurations.
– 10 –
i j k Il L
Figure 4: Colour connection of the partons showing the parent and daughter partons for the
double unresolved antenna.
i j k l Im MK
Figure 5: Colour connection of the partons showing the parent and daughter partons for two
adjacent single unresolved antennae.
j k I Ki n o p N P
Figure 6: Colour connection of the partons showing the parent and daughter partons for two
disconnected single unresolved antennae.
2.3.1 Subtraction terms for single unresolved partons
Starting point for the subtraction terms for single unresolved partons are the NLO single
unresolved antenna subtraction terms (2.5),
dσS,aNNLO = N
∑
m+2
dΦm+2(p1, . . . , pm+2; q)
1
Sm+2
×
[∑
j
X0ijk |Mm+1(p1, . . . , p˜I , p˜K , . . . , pm+2)|2 J (m+1)m (p1, . . . , p˜I , p˜K , . . . , pm+2)
]
,
(2.16)
where the NLO jet function J
(m)
m is now replaced by J
(m+1)
m . In contrast to the NLO case,
subtracting these terms from the full (m+2)-parton matrix element does not ensure a finite
contribution in all single unresolved regions. This behaviour is related to the fact that at
NNLO the jet function J
(m+1)
m allows one of the (m+ 1) momenta to become unresolved,
while at NLO J
(m)
m required all m momenta to be hard. As a consequence, all momenta in
the antenna function, including pj, could be resolved while one of the momenta present in
the reduced (m + 1)-parton matrix element becomes unresolved. We distinguish between
two cases: (1) where p˜I or p˜K become unresolved and (2) where any other momentum,
po, in the matrix element becomes unresolved. Case (1) is necessarily a double unresolved
limit since p˜I and p˜K are linear combinations of two momenta; this configuration is treated
below in the discussion of the double unresolved limits of (2.16).
Case (2) is a single unresolved limit, since pj is resolved, while po becomes unresolved.
In this limit, dσS,aNNLO becomes singular. Its singular structure in this limit does not coincide
with the limit of the full (m + 2)-parton matrix element (which is already subtracted by
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the appropriate antenna term in dσS,aNNLO when j = o). The unresolved momentum po in
this situation is not colour-connected to the pj of X
0
ijk. The form of the spurious singular
terms in dσS,aNNLO is therefore equal to the product of the antenna function with a singular
limit of the reduced (m + 1)-parton matrix element. It is equivalent to the product of
two almost colour-unconnected or colour-unconnected antenna functions with the reduced
m-parton matrix element:
X0ijk |Mm+1(p1, . . . , p˜I , p˜K , . . . , pn, po, pp, . . . , pm+2)|2
− X0ijkX0nop |Mm(p1, . . . , p˜I , p˜K , . . . , p˜N , p˜P , . . . , pm+2)|2
po unresolved−→ 0 ,
where p˜N = p˜K is allowed. Such structures appear as double unresolved subtraction terms
for the configurations (c) and (d) defined above, and it will be shown in the appropriate
subsections below, that the simple collinear limits of these double subtraction terms yield
the correct behaviour to cancel the spurious single unresolved poles of dσS,aNNLO.
To construct the double unresolved subtraction terms, we need to investigate the be-
haviour of the subtraction term (2.16) in all its double unresolved limits. We distinguish
the cases of colour-connected and colour-unconnected double unresolved limits. In the
colour-connected, or type (b), double unresolved limits, (2.16) can be non-vanishing only
for one particular momentum configuration: two neighbouring pairs of colour-connected
momenta becoming independently collinear, where one of the pairs lies inside the antenna,
while the other pair consists of the remaining antenna momentum and its colour-connected
neighbour. Each configuration of this type is contained precisely twice in (2.16), since there
are two possibilities of attributing the inside/outside pair. Where appropriate, we shall call
these limits colour-neighbouring in the following, and decompose colour-connected limits
into genuinely colour-connected and colour-neighbouring limits. In the colour-unconnected,
type (c,d), double unresolved limits, (2.16) is always non-vanishing and yields twice the
double unresolved limit of the (m + 2)-parton matrix element. This factor of two comes
from the fact that each double unresolved limit requires both the unresolved antenna mo-
mentum pj and one other momentum po appearing in the (m+1)–parton matrix element to
become unresolved; the role of the pj and po can be interchanged, resulting in two identical
terms contributing to the same limit.
To summarise the above discussion, we conclude that (2.16) yields twice the (m+ 2)-
parton matrix element in all colour-unconnected, almost colour-unconnected and colour-
neighbouring double unresolved limits, while vanishing in all genuinely colour-connected
double unresolved limits.
2.3.2 Subtraction terms for two colour-connected unresolved partons
When the two unresolved partons j and k are adjacent, we construct the subtraction
term starting from the four-particle tree-level antenna X0ijkl, which is an appropriately
normalised four-particle matrix element [44,46,47]. By construction, it contains all colour-
connected double unresolved limits of the (m + 2)-parton matrix element associated with
partons j and k, but it can also be singular in single unresolved limits associated with
j or k, where it does not coincide with limits of the matrix element. To ensure a finite
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Figure 7: Illustration of NNLO antenna factorisation representing the factorisation of both the
squared matrix elements and the (m + 2)-particle phase space when the unresolved particles are
colour connected. The term in square brackets represents both the antenna function X0ijkl and the
antenna phase space dΦXijkl .
subtraction term in all these single unresolved limits, we therefore subtract the appropriate
limits of the four-particle tree antennae, which are products of two tree-level three-particle
antennae, such that the colour-connected double subtraction term reads:
dσS,bNNLO = N
∑
m+2
dΦm+2(p1, . . . , pm+2; q)
1
Sm+2
×
[∑
jk
(
X0ijkl −X0ijkX0IKl −X0jklX0iJL
)
× |Mm(p1, . . . , p˜I , p˜L, . . . , pm+2)|2 J (m)m (p1, . . . , p˜I , p˜L, . . . , pm+2)
]
, (2.17)
where the sum runs over all colour-adjacent pairs j, k and implies the appropriate selection
of hard momenta i, l.
As before, the subtraction term involves the m-parton amplitude evaluated with on-
shell momenta p1, . . . , p˜I , p˜L, . . . , pm+2 where now p˜I and p˜L are a linear combination of pi,
pj , pk and pl. As for the NLO antenna of the previous section, the tree antenna function
X0ijkl depends only on pi, pj , pk, pl. Particles i and l play the role of the radiators while
j and k are the radiated partons. Antenna factorisation of squared matrix element and
phase space in this configuration is illustrated pictorially in Figure 7.
Once again, the jet function J
(m)
m in (2.17) depends only on the parent momenta p˜I , p˜L
and not pi, . . . , pl. One can therefore carry out the integration over the unresolved antenna
phase space (or part thereof) analytically, exploiting the factorisation of the phase space,
dΦm+2(p1, . . . , pm+2; q) = dΦm(p1, . . . , p˜I , p˜L, . . . , pm+1; q) · dΦXijkl(pi, pj , pk, pl; p˜I + p˜L) .
(2.18)
The factorisation [21,25,31] is obtained by redefining a set of four massless on-shell momenta
(radiator, two unresolved partons, radiator) into two on-shell massless momenta. The
NNLO antenna phase space dΦXijkl is proportional to the four-particle phase space, as can
be seen by using m = 2 in the above formula such that
dΦ4 = P2 dΦXijkl . (2.19)
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One suitable representation of momenta for analytic integration purposes is the tripole
phase space mapping of [31] where parton i is the emitter and parton l the spectator,
p˜µI = p
µ
i + p
µ
j + p
µ
k −
yijk,l
1− yijk,lp
µ
l , p˜
µ
L =
1
1− yijk,lp
µ
l , (2.20)
with
yijk,l =
pl.pi + pl.pj + pl.pk
pi.pj + pi.pk + pi.pl + pj.pk + pj.pl + pk.pl
. (2.21)
For numerical implementation the mapping of [25] is suitable.
For the analytic integration, we can use (2.18) to rewrite each of the genuine four-
particle subtraction terms in the form,
|Mm|2 J (m)m dΦm
∫
dΦXijkl X
0
ijkl, (2.22)
as before. The analytic integral of the four-particle antenna subtraction term is there-
fore the antenna function integrated over the fully inclusive antenna phase space, again
including a normalisation factor to account for powers of the QCD coupling constant,
X 0ijkl(sijkl) =
(
8π2 (4π)−ǫ eǫγ
)2 ∫
dΦXijkl X
0
ijkl . (2.23)
This integration is performed analytically in d dimensions using the techniques explained
in [31] to make the infrared singularities explicit.
The double unresolved subtraction term (2.17) correctly approximates the (m + 2)-
parton matrix element (2.15) in all double unresolved limits where colour-connected partons
j and k become unresolved, except in the configuration where parton j becomes collinear
with parton i, while parton k becomes collinear with parton l. In this (so-called colour-
neighbouring) configuration, the tree-level four-parton antenna function Xijkl correctly
approximates the (m + 2)-parton matrix element, while the products of tree-level three-
parton antenna functions X0ijkX
0
IKl and X
0
jklX
0
iJL in (2.17) are non-vanishing, and are each
equal to the double unresolved limit of the matrix element. This colour-neighbouring mo-
mentum configuration was already discussed in the context of the double unresolved limits
of dσS,aNNLO in the previous subsection. It can be seen easily that the two products of tree-
level three-parton antenna functions X0ijkX
0
IKl and X
0
jklX
0
iJL in (2.17) exactly cancel the
spurious double unresolved singular terms in present in (2.16) in these colour-neighbouring
double unresolved limits.
In all genuinely colour-connected limits, the four-parton tree-level antenna function
Xijkl in (2.17) correctly matches the singular structure of the (m+2)-parton matrix element,
while the products of tree-level three-parton antenna functions X0ijkX
0
IKl and X
0
jklX
0
iJL
vanish (although these terms are singular at first sight, they are not sufficiently singular to
overcome the small phase space volume associated with the double unresolved limits under
consideration).
By construction, (2.17) vanishes in all single unresolved limits: the antenna functions
cancel each other in these limits, and singularities in the m-parton matrix element are
forbidden by the jet function.
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Figure 8: Illustration of NNLO antenna factorisation representing the factorisation of both the
squared matrix elements and the (m′ + 2)-particle phase space when the unresolved particles are
almost colour-unconnected.
2.3.3 Subtraction terms for two almost colour-unconnected unresolved partons
There are double unresolved configurations where the unresolved partons are separated by
a hard radiator parton, for example, i, j, k, l,m where j and l are unresolved as illustrated
in Fig. 8. These configurations are called almost colour-unconnected. In this case, we take
the strongly ordered approach [41] where i, j, k form an antenna with hard partons I and
K yielding an ordered amplitude involving I,K, l,m. As usual, the momenta of the hard
radiator partons I and K are labelled p˜I and p˜K and are constructed from pi, pj , pk. The
cases where l is unresolved are then treated using an antenna K, l,m with hard partons
K and L. Here the momenta of the hard radiator partons K and L are labelled p˜K and
p˜M which are made from p˜K , pl, pm. The other case where first k, l,m form an antenna
followed by i, j,K is also included.
In constructing the subtraction term, we have to account for the fact that the previ-
ously defined subtraction term dσS,aNNLO (2.16) already contributes in the almost colour-
unconnected configurations by subtracting twice the limit of the (m′ + 2)-parton matrix
element in these limits (to avoid confusion between the indivial unresolved momenta and
the total number of particles, we denote the latter (m′ + 2) instead of (m + 2) in this
subsection). Therefore, the almost colour-unconnected subtraction term reads,
dσS,cNNLO = −N
∑
m′+2
dΦm′+2(p1, . . . , pm′+2; q)
1
Sm′+2
×
[∑
j,l
X0ijk x
0
mlK |Mm′(p1, . . . , p˜I ,p˜K ,p˜M , . . . , pm′+2)|2
×J (m′)m′ (p1, . . . , p˜I ,p˜K ,p˜M , . . . , pm′+2)
+
∑
j,l
X0klm x
0
ijK |Mm′(p1, . . . ,p˜I ,p˜K , p˜M , . . . , pm′+2)|2
×J (m′)m′ (p1, . . . ,p˜I ,p˜K , p˜M , . . . , pm′+2)
]
, (2.24)
where x0mlK denotes a sub-antenna, containing only the collinear limit of m with l, but
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Figure 9: Illustration of NNLO antenna factorisation representing the factorisation of both the
squared matrix elements and the (m + 2)-particle phase space when the unresolved particles are
colour-unconnected.
not the collinear limit of l with K; in the soft limit of l, this sub-antenna yields half the
soft eikonal factor. The jet function J
(m′)
m′ and the matrix element depend only on the
momenta associated with the m′-particle final state. Therefore, the integral over the phase
space associated with the leftmost antenna function can be carried out analytically, like in
the single unresolved case discussed above. After this integration, the sub-antennae can be
recombined to full antenna functions again.
If required, it is also possible to carry out the integrals over both phase spaces associ-
ated with the two antenna functions. In this case, one can exploit the factorisation of the
phase space to analytically perform the integrals,
dΦm′+2(p1, . . . , pm′+2; q) =
dΦm′+1(p1, . . . , p˜I , p˜K , . . . , pm′+2; q) · dΦXijk(pi, pj , pk)
= dΦm′(p1, . . . , p˜I ,p˜K ,p˜M , . . . , pm′+2; q) · dΦXKlm(p˜K , pl, pm;p˜K +p˜M )
·dΦXijk(pi, pj, pk; p˜I + p˜K) . (2.25)
In carrying out the analytic integration, some care has to be taken in the second dipole in-
tegral dΦXKlm , which will pick up ǫ-dependent factors from the first integral (both integrals
are fully independent only in four dimensions) related to the correlation of unit volumes
involved in the two integrals. As a consequence, the analytic integration of the above
formula will not yield the product of two independent integrated NLO antenna functions.
Concerning the single unresolved limits of dσS,cNNLO, (2.24) becomes singular only if
one of the antenna partons j or l is unresolved. In these cases, it exactly cancels the
spurious single unresolved singularities encountered in dσS,aNNLO for the configuration of an
unresolved momentum po in the (m
′ + 1)-parton matrix element, which is almost colour-
unconnected to the momenta in the antenna function. In the double unresolved limits of
dσS,cNNLO, momenta j and l are both unresolved, yielding minus the double unresolved limit
of the (m′ + 2)-parton matrix element, as required to cancel the oversubtraction incurred
by dσS,aNNLO in these limits.
2.3.4 Subtraction terms for two colour-unconnected unresolved partons
When two unresolved partons j and o are completely disconnected, the (m + 2)-parton
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matrix element factorises into the product of two uncorrelated single unresolved factors
with a reduced m-parton matrix element. In this limit, the single unresolved subtraction
term dσS,aNNLO (2.16) subtracts a contribution which is twice the limit of the full (m+ 2)-
parton matrix element. The dedicated colour-unconnected double unresolved subtraction
term has to compensate for this oversubtraction. This subtraction term is a sum over
independent three-particle tree-level antennae as illustrated in Figure 9,
dσS,dNNLO = −N
∑
m+2
dΦm+2(p1, . . . , pm+2; q)
1
Sm+2
×
[∑
j,o
X0ijk X
0
nop |Mm(p1, . . . , p˜I , p˜K , . . . , p˜N , p˜P , . . . , pm+2)|2
× J (m)m (p1, . . . , p˜I , p˜K , . . . , p˜N , p˜P , . . . , pm+2)
]
, (2.26)
where the summation over o is such that it only includes colour-connected antenna config-
urations X0nop which have no common momentum with X
0
ijk.
The subtraction term involves the m-parton amplitude evaluated with on-shell mo-
menta p1, . . . , p˜I , p˜K , . . . , p˜N , p˜P , . . . , pm+2 where now p˜I and p˜K are a linear combination
of pi, pj, pk and p˜N and p˜P are made from pn, po and pp. The sum in the above equation
is such that no product of two antenna configurations appears twice. Each antenna is fully
independent, and the phase space factorises as,
dΦm+2(p1, . . . , pm+2; q) = dΦm(p1, . . . , p˜I , p˜K , . . . , p˜N , p˜P , . . . , pm+2; q)
×dΦXijk(pi, pj , pk; p˜I + p˜K) · dΦXnop(pn, po, pp; p˜N + p˜P ) .
(2.27)
This contribution is either integrated only once, and then cancelled with subtraction terms
present in the (m + 1)-parton contribution, or integrated twice to make its full infrared
pole structure explicit. Integration can be obtained by repeated use of (2.11), so that each
term in the sum is in the form,
|Mm|2 J (m)m X 0ijk(sijk) X 0nop(snop).
The subtraction term (2.26) contributes to single unresolved limits if either pj or po
are unresolved. In these limits, it cancels precisely the spurious poles associated with the
momentum po becoming unresolved in the (m + 1)-parton matrix element of (2.16). In
the double unresolved limits (pj and po) it is designed for, it cancels the oversubtraction
incurred by (2.16), thus ensuring a proper subtraction of the singular terms of the (m+2)-
parton matrix element in these.
2.3.5 Correction terms in the m-jet region
The full double radiation subtraction term is given as sum of all subtraction terms con-
structed above:
dσSNNLO = dσ
S,a
NNLO + dσ
S,b
NNLO + dσ
S,c
NNLO + dσ
S,d
NNLO . (2.28)
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As outlined in the previous subsections, this subtraction term correctly approximates the
(m+2)-parton matrix element contribution to m-jet final states as defined in (2.15) in all
double and single unresolved regions. Although individual terms in (2.28) contain spurious
singularities in these limits, they cancel among each other in the sum.
The integrated form of (a) corresponds to an (m+ 1)-parton configuration, while the
integrated forms of (b), (c) and (d) are either (m+ 1)-parton or m-parton configurations
(for all but the four-parton antenna terms in (b), we can actually choose which type of
configuration we want to integrate). They are added with the two-loop m-parton and
the one-loop (m + 1)-parton contributions to m-jet final states to yield integrands free of
explicit infrared poles.
2.4 Single unresolved loop subtraction terms
The (m+ 1)-parton one-loop contribution to m-jet final states at NNLO is
dσV,1NNLO = N
∑
m+2
dΦm+1(p1, . . . , pm+1; q)
1
Sm+1
×|M1m+1(p1, . . . , pm+1)|2 J (m+1)m (p1, . . . , pm+1) , (2.29)
where we introduced a shorthand notation for the one-loop corrected contribution to the
(m+ 1)-parton squared matrix element,
|M1m+1(p1, . . . , pm+1)|2 = 2Re
(
Mloopm+1(p1, . . . , pm+1)Mtree,∗m+1 (p1, . . . , pm+1)
)
, (2.30)
where the subleading contributions in colour are again implicit. This expression contains
two types of infrared singularities. The renormalised one-loop virtual correction Mloopm+1 to
the (m + 1)-parton matrix contains explicit infrared poles, which can be expressed using
the infrared singularity operators defined in Section 4 below. On the other hand, one of the
(m+ 1)-partons can be unresolved, leading to infrared singularities which become explicit
only after integration over the unresolved patch of the final state (m + 1)-parton phase
space. The single unresolved limits of one- and two-loop amplitudes are investigated in
detail in [11–15].
To carry out the numerical integration over the (m + 1)-parton phase, weighted by
the appropriate jet function, we have to construct an infrared subtraction term dσV S,1NNLO,
which purpose is twofold: on the one hand, it should fully account for the explicit infrared
singularities arising from the one-loop correction, while on the other hand it should approx-
imate (2.29) in all single unresolved limits. After subtraction of dσV S,1NNLO from dσ
V,1
NNLO,
the integrand itself should be free from explicit infrared poles, and all singular limits due to
single unresolved phase space configurations must be properly accounted for. We require
three types of subtraction terms:
(a) The explicit infrared poles of the (m+1)-parton one-loop matrix element are removed.
(b) The single unresolved limits of the (m+ 1)-parton one-loop matrix element are sub-
tracted.
(c) Oversubtracted explicit and implicit pole terms are removed.
All three types of subtraction terms are constructed below.
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2.4.1 Subtraction of explicit infrared poles
It is a well known fact from NLO calculations, that the explicit infrared poles of one-loop
matrix elements cancel with the corresponding infrared poles obtained by integrating out
all single unresolved configurations from the real radiation matrix elements contributing
to the same (infrared safe) observable [49]. We can therefore subtract all explicit poles
present in dσV,1NNLO with the subtraction term
dσV S,1,aNNLO = N
∑
m+1
dΦm+1(p1, . . . , pm+1; q)
1
Sm+1
×
[∑
ik
−X 0ijk(sik) |Mm+1(p1, . . . , pi, pk, . . . , pm+1)|2 J (m+1)m (p1, . . . , pi, pk, . . . , pm+1)
]
,
(2.31)
where the sum runs over all colour-connected pairs of momenta (pi, pk). The symbol
X 0ijk(sik) denotes the normalised integral of the three-parton antenna function, with a
parton of type j emitted between partons i and k, with the total invariant mass of the
antenna particles given by the invariant mass of pi and pk. Since in the single unresolved
mapping of the antenna phase space (2.8), pi + pj + pk = p˜I + p˜K , we can identify the
momenta pi and pk of the (m+1)-parton phase space with the momenta p˜I and p˜K obtained
in the factorisation of the (m+2)-parton phase space in Section 2.3.1. Consequently, using
the antenna factorisation of the (m+2)-parton phase space in (2.16) and carrying out the
phase space integral for each antenna Xijk, we find
dσV S,1,aNNLO = −dσS,aNNLO , (2.32)
which is of course merely a consequence of the cancellation of infrared poles at NLO.
It is evident that subtraction of dσV S,1,aNNLO from dσ
V,1
NNLO ensures an integrand free
from explicit infrared poles over the whole region of integration. In the single unresolved
regions, both these functions develop further infrared singularities, which do not coincide.
Therefore, we have to introduce further subtraction terms to ensure a finite integrand in
all single unresolved regions.
2.4.2 Subtraction terms for one-loop single-unresolved contributions
In simple unresolved limits, the behaviour of (m + 1)-parton one-loop amplitudes is de-
scribed by the sum of two different contributions [11–15]: a simple unresolved tree level
factor times a m-parton one-loop amplitude and a simple unresolved one-loop factor times
a m-parton tree-level amplitude, as illustrated in Figure 10. Accordingly, we construct the
one-loop single unresolved subtraction term as
dσV S,1,bNNLO = N
∑
m+1
dΦm+1(p1, . . . , pm+1; q)
1
Sm+1
×
∑
j
[
X0ijk |M1m(p1, . . . , p˜I , p˜K , . . . , pm+1)|2 J (m)m (p1, . . . , p˜I , p˜K , . . . , pm+1)
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Figure 10: Illustration of NNLO antenna factorisation representing the factorisation of both the
one-loop “squared” matrix elements (represented by the white blob) and the (m+1)-particle phase
space when the unresolved particles are colour connected. The terms in square brackets represent
both the three-particle tree-level antenna function X0ijk and the three-particle one-loop antenna
function X1ijk and the antenna phase space.
+ X1ijk |Mm(p1, . . . , p˜I , p˜K , . . . , pm+1)|2 J (m)m (p1, . . . , p˜I , p˜K , . . . , pm+1)
]
.
(2.33)
In this expression, we have introduced the one-loop three-parton antenna function X1ijk,
which depends only on the antenna momenta pi, pj, pk. It correctly describes all simple
unresolved limits of the difference between an (m + 1)-parton one-loop corrected squared
matrix element and the product of a tree-level antenna function with the m-parton one-
loop corrected squared matrix element. It can therefore be constructed out of one-loop
three-parton and two-parton matrix elements, as outlined in Section 3 below. It should
be noted that X1ijk is renormalised at a scale corresponding to the invariant mass of the
antenna partons, sijk, while the one-loop (m+1)-parton matrix element is renormalised at
a scale µ2 (which is often chosen to be q2 in jet production in e+e−-collisions). To ensure
correct subtraction of terms arising from renormalisation, we have to substitute
X1ijk → X1ijk +
β0
ǫ
(4π)ǫ e−ǫγ
8π2
X0ijk
(
(sijk)
−ǫ − (µ2)−ǫ) (2.34)
in (2.33). The terms arising from this substitution will in general be kept apart in the
construction of the colour-ordered subtraction terms, since they all share a common colour
structure β0.
In contrast to all other expressions appearing in the construction of the one-loop single
unresolved subtraction terms, X1ijk can never be related to integrals of tree-level subtraction
terms. Therefore, this component of the subtraction term must cancel with parts of the
two-loop m-parton contribution and we must integrate it over the three-parton antenna
phase space. This can be accomplished using the techniques described in [31] and yields
X 1ijk(sijk) =
(
8π2 (4π)−ǫ eǫγ
) ∫
dΦXijk X
1
ijk. (2.35)
2.4.3 Compensation terms for oversubtracted poles
By construction, (2.33) correctly approximates the one-loop (m+1)-parton contribution to
m-jet final states in all single unresolved limits. However, outside these limits, where (m+
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1)-parton configurations form m-jet final states because of the experimental jet resolution
criteria, this subtraction term no longer coincides with the squared matrix element, and
induces spurious explicit infrared poles.
To compensate for these explicit infrared poles outside the singular regions, we intro-
duce a further subtraction term,
dσV S,1,cNNLO = N
∑
m+1
dΦm+1(p1, . . . , pm+1; q)
1
Sm+1
×
[∑
ik
X 0ijk(sik)
∑
o
X0nop |Mm(p1, . . . , pi, pk, . . . , p˜N , p˜P , . . . , pm+1)|2
×J (m)m (p1, . . . , pi, pk, . . . , p˜N , p˜P , . . . , pm+1)
]
, (2.36)
where any of the two momenta pi and pk can be equal to pn, pp, p˜N or p˜P , but not to
the unresolved momentum po. Individual terms in dσ
V S,1,c
NNLO cancel with individual terms
in dσS,bNNLO (2.17), dσ
S,c
NNLO (2.24) and dσ
S,d
NNLO (2.26), after one of the two three-parton
antenna phase space integrals is carried out. Any remaining terms of dσV S,1,cNNLO can be
integrated over the antenna phase space dΦXnop . In the case of pi or pk coinciding with
one of the momenta of the antenna phase space, some care has to be taken in carrying out
the integrals, which differ from the standard tree-level three-parton antenna integrals by
normalisation factors coming from X 0ijk(sik).
The subtraction term (2.36) cancels the explicit infrared poles of (2.33) in the region
where all (m+1) partons are theoretically resolved, thus ensuring a finite integrand. In the
single unresolved regions, the sum of (2.36) and (2.31) vanishes, as can be seen rather easily
from the nature of NLO antenna subtraction. Consequently, only dσV S,1,bNNLO contributes in
this region, as required to cancel the singularities of the (m + 1)-parton squared matrix
element.
2.4.4 Correction terms in the m-jet region
The full one-loop single real radiation subtraction term is the sum of all subtraction terms
constructed above:
dσV S,1NNLO = dσ
V S,1,a
NNLO + dσ
V S,1,b
NNLO + dσ
V S,1,c
NNLO . (2.37)
As outlined in the previous subsections, this subtraction term correctly approximates the
one-loop (m+1)-parton squared matrix element contribution tom-jet final states as defined
in (2.29) in all single unresolved regions and removes all explicit infrared poles.
While dσV S,1,aNNLO cancels fully with dσ
S,a
NNLO, parts of the remaining two terms have to
be integrated to yield m-parton configurations, which are then added with the two-loop
m-parton contributions dσV,2NNLO. The precise nature of cancellations between the terms
appearing in the integrated forms of dσ
S,(bcd)
NNLO and terms in the unintegrated dσ
V S,1,(bc)
NNLO
differs considerably among the different colour structures. Therefore, no generic formula
for these cancellations can be stated. In Section 9, we will illustrate these cancellations on
the example of the subleading colour contribution to e+e− → 3j at NNLO.
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2.5 Comparison with other approaches
The NNLO antenna subtraction approach which we derive in detail in this section was previ-
ously sketched in our earlier publications [44,45], where specific applications to e+e− → 2j
and e+e− → 3j were considered. The case two-jet production is special in several as-
pects, particularly since the double unresolved tree-level and single unresolved one-loop
subtraction terms exactly coincide with the full matrix elements they are supposed to ap-
proximate. Moreover, the jet functions for two- and three-parton final states fulfil special
relations which are in general not fulfilled for m- and (m + 1)-parton final states. Most
notably (see (5) in [45]),
J
(3)
3 (pi, pj , pk) = J
(2)
2 (p˜I , p˜K)− J (3)2 (pi, pj , pk) , (2.38)
which can be used to express (3.17) of [44] in the form of (2.28) presented in this paper.
Several other approaches to the handling of infrared singularities at NNLO have been
proposed in the literature. One can distinguish two substantially different lines of making
the infrared singularities in real radiation at NNLO explicit: either through a direct expan-
sion of matrix element and phase space or through subtraction terms. In expanding the
full real radiation matrix elements and the full multi-parton phase space in dimensional
regularisation through sector decomposition [30,31], one arrives at a Laurent expansion in
ǫ with coefficients in terms of distributions in the Lorentz invariants associated with the
process. These coefficients still contain the full phase space integration, but they are finite
and the integrals can be carried out numerically. Using this approach, NNLO results have
been obtained for e+e− → 2j [32], pp→ H+X [33] and more recently muon decay [34] . In
approaches invoking subtraction terms, such as the antenna subtraction proposed here, the
real radiation singularities from multiparton matrix elements are removed by subtracting
appropriate approximations, which coincide with the matrix elements in all singular limits,
but are sufficiently simple to be integrated analytically.
A first formulation of the antenna subtraction method at NNLO was presented in
Refs. [13, 25]. In this work, all antenna phase space mappings required at NNLO were
derived and documented. These mappings are to be used in the implementation of our
formulation of NNLO antenna subtraction as well. Concerning the construction of sub-
traction terms, Ref. [25] addresses processes involving gluons only, and restricts its results
to the leading colour contributions (which are sufficient in purely gluonic processes at
NNLO). The antenna subtraction terms in [25] are presented only in their unintegrated
form. To implement them in an actual calculation, they still need to be integrated over
the appropriate antenna phase spaces to make their infrared singularities explicit.
A generalisation of the NLO dipole subtraction formalism to NNLO was presented
in [14, 26], where subtraction terms for all partonic configurations in all colour structures
were derived. Again, these were presented only in their unintegrated form, while their
analytical integration over the NNLO dipole phase spaces is a necessary prerequisite for
their implementation into a numerical programme.
Finally, a third approach to the construction of subtraction terms at NNLO was pre-
sented in [28], where an iterative procedure of subtraction and subsequent cancellation of
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oversubtracted terms is invoked. Using this procedure, NNLO subtraction terms for the
CFTR colour factor in e
+e− → 2j are constructed in [28], where they are also integrated
analytically and implemented into a numerical programme. The agreement of [28] with
earlier results [32,44] illustrates the potential of this method. However, the full set of sub-
traction terms for all relevant partonic configurations in all colour structures is at present
not yet derived (and thus not available in integrated form either) for this method.
More specific issues about subtraction at NNLO were addressed in two further works:
[27] deals with overlapping collinear divergences in the initial state, and proposes a method
for their systematic separation. More recently, a detailed study of the matching of single
and double unresolved regions in subtraction at NNLO was presented in [29].
To implement a subtraction method at NNLO, one requires explicit expressions for all
subtraction terms (double real radiation at tree level and single radiation at one-loop) in
their unintegrated form, as well as the integrals of these expressions over the appropriate
(double unresolved or single unresolved) phase spaces. Up to now, none of the approaches
available in the literature provided these to an extent which would permit implementation
for a realistic observable.
In the following sections, we will present the NLO and NNLO antenna functions for all
partonic configurations and all colour factors. These are the building blocks of NLO and
NNLO antenna subtraction terms required to implement our formulation of the colour-
ordered antenna subtraction method. We provide the integrals of these subtraction terms
for the kinematical situation of final state radiation. The method itself can in principle
be extended to processes with hadrons in the initial state. In this case, the antenna
subtraction terms could be constructed from the same building blocks, but different phase
space factorisations and consequently different integrals are required.
3. Notation and structure of antenna functions
In this paper we derive antennae for all possible pairs of hard partons, quark-antiquark
(Section 5), quark-gluon (Section 6) and gluon-gluon (Section 7). Underlying the antenna
is a colour connected pair of hard partons, that emit radiation between them. The three-
particle antennae involve one unresolved parton, while the four-particle antennae involve
two unresolved partons. The antenna may be at the tree or one-loop level.
Each antenna is determined by both the external state and the pair of hard partons it
collapses to. In general we denote the antenna function as X. For antennae that collapse
onto a hard quark-antiquark pair, X = A for qgq¯ and qggq¯, X = B for qq′q¯′q¯ and X = C for
qqq¯q¯ final states. Similarly, for quark-gluon antenna, we have X = D for qgg and qggg and
X = E for qq′q¯′ and qq′q¯′g final states. Finally, we characterise the gluon-gluon antennae
as X = F for ggg and gggg, X = G for gqq¯ and gqq¯g and X = H for qq¯q′q¯′ final states.
Some of these antenna functions decompose into a leading colour and a subleading colour
contribution. Where appropriate, the subleading colour contribution to X is denoted as
X˜ . Finally, the one loop antenna functions also contain contributions from closed quark
loops, which we denote as Xˆ . The notation for the different tree-level and one-loop antenna
functions is summarised in Table 1.
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tree level one loop
quark-antiquark
qgq¯ A03(q, g, q¯) A
1
3(q, g, q¯), A˜
1
3(q, g, q¯), Aˆ
1
3(q, g, q¯)
qggq¯ A04(q, g, g, q¯), A˜
0
4(q, g, g, q¯)
qq′q¯′q¯ B04(q, q
′, q¯′, q¯)
qqq¯q¯ C04 (q, q, q¯, q¯)
quark-gluon
qgg D03(q, g, g) D
1
3(q, g, g), Dˆ
1
3(q, g, g)
qggg D04(q, g, g, g)
qq′q¯′ E03(q, q
′, q¯′) E13(q, q
′, q¯′), E˜13(q, q
′, q¯′), Eˆ13(q, q
′, q¯′)
qq′q¯′g E04(q, q
′, q¯′, g), E˜04(q, q
′, q¯′, g)
gluon-gluon
ggg F 03 (g, g, g) F
1
3 (g, g, g), Fˆ
1
3 (g, g, g)
gggg F 04 (g, g, g, g)
gqq¯ G03(g, q, q¯) G
1
3(g, q, q¯), G˜
1
3(g, q, q¯), Gˆ
1
3(g, q, q¯)
gqq¯g G04(g, q, q¯, g), G˜
0
4(g, q, q¯, g)
qq¯q′q¯′ H04 (q, q¯, q
′, q¯′)
Table 1: List of tree-level and one-loop colour-ordered antenna functions. The tilde denotes
subleading colour contributions, and the hat flavour-number dependent corrections.
Each antenna is a function of the invariants formed by the momenta of the final state
particles.
It will prove useful to introduce the operators Poles and Finite that select either the
singular or finite contribution from a particular antenna. For example,
Poles(X )
extracts the singular contribution from the antenna X after integration over the unresolved
phase space in terms of the infrared singularity operators of Section 4. It should be noted
that Poles(X ) also contains finite terms arising from the expansion of the infrared singular-
ity operators. These terms are on the one hand of the type (ǫlns)n (where s is the invariant
mass of any pair of particles contained in the antenna, or the total invariant mass of all
antenna particles), on the other hand they contain transcendental constants resulting from
the expansion of the normalisation factors appearing in the different infrared singularity
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operators. To extract the remaining finite contribution, we introduce
Finite(X ) ≡ X − Poles(X ) .
Generally,
X = Poles(X ) + Finite(X ) +O(ǫ). (3.1)
The one-loop antenna functions contain explicit poles from the loop integration. There-
fore, the operators Poles and Finite can also be applied to their unintegrated forms X.
The action of these operators is again to decompose the unintegrated antenna in terms of
infrared singularity operators describing the pole terms and a finite remainder.
All antenna functions are derived from physical matrix elements: the quark-antiquark
antenna functions from γ∗ → qq¯ + (partons) [44], the quark-gluon antenna functions from
χ˜ → g˜ + (partons) [46] and the gluon-gluon antenna functions from H → (partons) [47].
The tree-level antenna functions are obtained by normalising the colour-ordered three- and
four-parton tree-level squared matrix elements to the squared matrix element for the basic
two-parton process,
X0ijk = Sijk,IK
|M0ijk|2
|M0IK |2
,
X0ijl = Sijkl,IL
|M0ijkl|2
|M0IL|2
, (3.2)
where S denotes the symmetry factor associated to the antenna, which accounts both for
potential identical particle symmetries and for the presence of more than one antenna
in the basic two-parton process. The one-loop antenna functions are obtained from the
colour-ordered renormalised one-loop three-parton matrix elements as
X1ijk = Sijk,IK
|M1ijk|2
|M0IK |2
−X0ijk
|M1IK |2
|M0IK |2
. (3.3)
The numerical implementation of the three- and four-parton antenna phase space [25]
requires the partonic emissions to be ordered. Ordering of emissions means that the two
hard radiator partons defining the antenna are identified, and that each unresolved par-
ton can become singular only with the two particles which are adjacent to it, i.e. with
the two radiators for three-parton antenna functions and with one radiator and with the
other unresolved parton for the four-parton antenna functions. For the sake of numeri-
cal implementation, this implies two requirements: (1) the separation of multiple antenna
configurations present in a single antenna function for three- and four-parton antenna func-
tions and (2) the separation of non-ordered emissions (present only at subleading colour
in the four-parton antenna functions) into terms that can be identified with a particular
ordering of the momenta.
In the colour-ordered quark-gluon and gluon-gluon antenna functions derived from
physical matrix elements for neutralino decay [46] and Higgs boson decay [47], it is in
general not possible to identify the hard radiators and the unresolved partons in a unique
manner. The reason for this ambiguity is in the cyclic nature of the colour orderings, which
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becomes evident already in the three-parton antenna functions: each pair of two partons
can in principle act as hard radiators, resulting in more than one antenna configuration
present in a single antenna function. For the three-parton antenna functions D03 and F
0
3 ,
we illustrate in (6.13) and (7.13) below how these different antenna configurations can
be disentangled, resulting in new sub-antenna functions where the hard radiators can be
uniquely identified. Such a decomposition is also possible for four-parton antenna functions
which display the same ambiguity. However, in the four-parton case repeated partial frac-
tioning is required to extract individual sub-antenna configurations. Since this procedure
introduces new denominators in the antenna terms, we will use it only for the numerical im-
plementation. At this point, it should be pointed out that the cyclic ambiguity is inevitable
if physical matrix elements involving gluons as radiators are used to derive the antenna
functions, since the cyclic symmetry in colour space is enforced by gauge invariance.
The decomposition of non-ordered emissions into different terms is discussed in detail
in Section 5 using the quark-antiquark antenna function A˜04, which describes the emission
of two gluons at subleading colour, as an example. In this antenna the gluons behave
effectively like photons, coupling only to the quark and the antiquark. Consequently, each
gluon can become collinear with both hard radiators. In (5.28) below, we illustrate how this
antenna function can be decomposed into individual terms corresponding to different well-
defined orderings by repeated partial fractioning in the invariants. The same procedure has
to be applied for all other antenna functions which are not sufficiently ordered. Since this
repeated partial fractioning yields increases the number of terms in the analytic expressions
for the antenna functions quite considerably, we restrict ourselves to quoting only the full
antenna functions, not their ordered decompositions.
Repeated partial fractioning generates denominators which do not correspond to phys-
ical propagators of four-parton matrix elements. Therefore, it is in general not possible
to integrate the ordered terms analytically, at least not by merely applying the methods
of [31]. Analytical phase space integration of functions involving non-propagator-type de-
nominators is in principle possible [15,16] and requires a more involved reduction procedure
and a larger set of master integrals. To avoid this problem we use the ordered sub-antenna
functions in the numerical implementation, and ensure that all ordered contributions to
a given antenna function are taken together with the same phase space factorisation (but
different phase space mappings). With this procedure, the ordered contributions to the
sub-antenna functions can be recombined to form the full antenna functions (related to
physical matrix elements) quoted in the following three sections, which are then integrated
analytically to make their infrared pole structure explicit. This recombination may be
obtained by considering more than one colour-ordering for the full (m+ 2)-parton matrix
element, and by explicit subtraction of unwanted spurious singularities. This problem is
discussed more explicitly using the four-parton quark-gluon antenna function D04 of Sec-
tions 6 and 8.3.2 as an example.
4. Colour-ordered infrared singularity operators
In order to express the singularity structure in a way that cancellations between real ra-
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diation and virtual radiation can be made explicit, it is convenient to extract the infrared
singularity structure using the I(1)-operator [48]. This operator describes the singular-
ity structure of virtual one-loop amplitudes. At the two-loop level, the infrared singularity
structure is described by I(1)-operators, a hard radiation operatorH(2), the QCD β-function
and the gluon splitting constant K. The same pole structure is recovered [44,46,47] in the
sum of double real radiation and one-loop single real radiation contributions, such that the
sum of double-virtual, virtual single-unresolved and double-unresolved corrections is finite.
Some cancellations, related to the one-loop correction to the soft gluon current S(2), take
place only between virtual single-unresolved and double-unresolved corrections.
In the formulation of [48], I(1) is a tensor in colour space, and contains imaginary parts
from the analytic continuation of loop amplitudes from the Euclidian to the Minkowskian
region. In the following, we will only consider colour-ordered matrix elements, for which
I(1) is a scalar in colour space. Moreover, using the I(1)-operator to describe real radiation
singularities, only its real part is relevant, since contributions from its imaginary part
cancel once the double-virtual two-loop-times-tree-level and one-loop-times-one-loop parts
are added together.
The real radiation infrared singularity operators that appear in the integrated form of
an antenna function are denoted by (ij = qq¯, qg, gq¯, gg)
I
(1)
ij (ǫ, sij) and I
(1)
ij,F (ǫ, sij) ,
where the second operator describes contributions arising from the splitting of a gluon into
a quark-antiquark pair and which are proportional to the number of light quark flavours
NF .
The operators are given by
I
(1)
qq¯ (ǫ, sqq¯) = −
eǫγ
2Γ(1− ǫ)
[
1
ǫ2
+
3
2ǫ
]
Re(−sqq¯)−ǫ ,
I(1)qg (ǫ, sqg) = −
eǫγ
2Γ(1− ǫ)
[
1
ǫ2
+
5
3ǫ
]
Re(−sqg)−ǫ ,
I(1)gg (ǫ, sgg) = −
eǫγ
2Γ(1− ǫ)
[
1
ǫ2
+
11
6ǫ
]
Re(−sgg)−ǫ ,
I
(1)
qq¯,F (ǫ, sqq¯) = 0 ,
I
(1)
qg,F (ǫ, sqg) =
eǫγ
2Γ(1− ǫ)
1
6ǫ
Re(−sqg)−ǫ ,
I
(1)
gg,F (ǫ, sgg) =
eǫγ
2Γ(1− ǫ)
1
3ǫ
Re(−sgg)−ǫ . (4.1)
The antiquark-gluon operators are obtained by charge conjugation:
I
(1)
gq¯ (ǫ, sgq¯) = I
(1)
qg (ǫ, sgq¯) and I
(1)
gq¯,F (ǫ, sgq¯) = I
(1)
qg,F (ǫ, sgq¯) .
At NNLO, several new infrared singularity operators appear; the one-loop soft gluon
current S(2)(ǫ, q2) [12],
S(2)(ǫ, q2) =
[
− 1
4ǫ4
− 3
4ǫ3
+
1
ǫ2
(
−13
4
+
7π2
24
)
+
1
ǫ
(
−51
4
+
7π2
8
+
14
3
ζ3
)
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+(
−205
4
+
91π2
24
+ 14ζ3 +
7π4
480
)
+O(ǫ)
]
(q2)−2ǫ , (4.2)
and the hard radiation functions H
(2)
ij (ǫ, q
2), which decompose into virtual contributions
H
(2)
ij,V (ǫ, q
2) and real contributions H
(2)
ij,R(ǫ, q
2). For the antenna functions presented here,
the virtual contributions are given by,
H
(2)
V,A(ǫ, q
2) =
eǫγ
Γ(1− ǫ)
[
1
ǫ2
(
43
8
− π
2
6
)
+
1
ǫ
(
839
24
− π
2
2
− 11ζ3
)]
(q2)−2ǫ ,
H
(2)
V,A˜
(ǫ, q2) =
eǫγ
Γ(1− ǫ)
[
1
ǫ2
(
43
8
− π
2
6
)
+
1
ǫ
(
51
2
− π
2
4
− 15ζ3
)]
(q2)−2ǫ ,
H
(2)
V,Aˆ
(ǫ, q2) =
eǫγ
Γ(1− ǫ)
[
− 19
12ǫ
]
(q2)−2ǫ ,
H
(2)
V,D(ǫ, q
2) =
eǫγ
Γ(1− ǫ)
[
1
6ǫ3
+
1
ǫ2
(
109
4
− 2π
2
3
)
+
1
ǫ
(
17791
108
− 133π
2
72
− 52ζ3
)]
(q2)−2ǫ ,
H
(2)
V,Dˆ
(ǫ, q2) =
eǫγ
Γ(1− ǫ)
[
−275
36ǫ
]
(q2)−2ǫ ,
H
(2)
V,E(ǫ, q
2) =
eǫγ
Γ(1− ǫ)
[
− 2
ǫ2
+
1
ǫ
(
−326
27
+
π2
9
)]
(q2)−2ǫ ,
H
(2)
V,E˜
(ǫ, q2) =
eǫγ
Γ(1− ǫ)
[
− 1
6ǫ3
− 35
36ǫ2
+
1
ǫ
(
−509
108
+
17π2
72
)]
(q2)−2ǫ ,
H
(2)
V,F (ǫ, q
2) =
eǫγ
Γ(1− ǫ)
[
1
3ǫ3
+
1
ǫ2
(
30− 2π
2
3
)
+
1
ǫ
(
20009
108
− 79π
2
36
− 52ζ3
)]
(q2)−2ǫ ,
H
(2)
V,Fˆ
(ǫ, q2) =
eǫγ
Γ(1− ǫ)
[
−37
3ǫ
]
(q2)−2ǫ ,
H
(2)
V,G(ǫ, q
2) =
eǫγ
Γ(1− ǫ)
[
− 14
3ǫ2
+
1
ǫ
(
−805
27
+
2π2
9
)]
(q2)−2ǫ ,
H
(2)
V,G˜
(ǫ, q2) =
eǫγ
Γ(1− ǫ)
[
− 1
3ǫ3
− 41
18ǫ2
+
1
ǫ
(
−325
27
+
17π2
36
)]
(q2)−2ǫ ,
H
(2)
V,Gˆ
(ǫ, q2) =
eǫγ
Γ(1− ǫ)
[
− 2
9ǫ2
+
7
9ǫ
]
(q2)−2ǫ , (4.3)
while the real radiation contributions are,
H
(2)
R,A(ǫ, q
2) =
eǫγ
Γ(1− ǫ)
[
1
ǫ2
(
−43
8
+
π2
6
)
+
1
ǫ
(
−29795
864
+
37π2
96
+
51
4
ζ3
)]
(q2)−2ǫ ,
H
(2)
R,A˜
(ǫ, q2) =
eǫγ
Γ(1− ǫ)
[
1
ǫ2
(
−43
8
+
π2
6
)
+
1
ǫ
(
−845
32
+
π2
2
+ 13ζ3
)]
(q2)−2ǫ ,
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H
(2)
R,B(ǫ, q
2) =
eǫγ
Γ(1− ǫ)
[
1
ǫ
(
317
216
+
π2
48
)]
(q2)−2ǫ ,
H
(2)
R,C(ǫ, q
2) =
eǫγ
Γ(1− ǫ)
[
1
ǫ
(
13
16
− π
2
8
+
1
2
ζ3
)]
(q2)−2ǫ ,
H
(2)
R,D(ǫ, q
2) =
eǫγ
Γ(1− ǫ)
[
− 1
6ǫ3
+
1
ǫ2
(
−109
4
+
2π2
3
)
+
1
ǫ
(
−71261
432
+
97π2
48
+ 52ζ3
)]
(q2)−2ǫ ,
H
(2)
R,E(ǫ, q
2) =
eǫγ
Γ(1− ǫ)
[
2
ǫ2
+
1
ǫ
(
518
27
− 7π
2
72
)]
(q2)−2ǫ ,
H
(2)
R,E˜
(ǫ, q2) =
eǫγ
Γ(1− ǫ)
[
1
6ǫ3
+
35
36ǫ2
+
1
ǫ
(
1045
216
− 17π
2
72
)]
(q2)−2ǫ ,
H
(2)
R,F (ǫ, q
2) =
eǫγ
Γ(1− ǫ)
[
− 1
3ǫ3
+
1
ǫ2
(
−30 + 2π
2
3
)
+
1
ǫ
(
−4991
27
+
109π2
48
+
105
2
ζ3
)]
(q2)−2ǫ ,
H
(2)
R,G(ǫ, q
2) =
eǫγ
Γ(1− ǫ)
[
14
3ǫ2
+
1
ǫ
(
4463
108
− 17π
2
72
)]
(q2)−2ǫ ,
H
(2)
R,G˜
(ǫ, q2) =
eǫγ
Γ(1− ǫ)
[
1
3ǫ3
+
41
18ǫ2
+
1
ǫ
(
1327
108
− 17π
2
36
)]
(q2)−2ǫ ,
H
(2)
R,H(ǫ, q
2) =
eǫγ
Γ(1− ǫ)
[
2
9ǫ2
− 16
27ǫ
]
(q2)−2ǫ . (4.4)
Combining the real and virtual hard radiation functions yields the hard radiation terms
from the two-loop virtual corrections [4, 5, 44,46,47],
H
(2)
qq¯ (ǫ, q
2) = N2H
(2)
qq¯,N2
(ǫ, q2) +H
(2)
qq¯,1(ǫ, q
2) +
1
N2
H
(2)
qq¯,1/N2
(ǫ, q2)
+NNF H
(2)
qq¯,NNF
(ǫ, q2) +
NF
N
H
(2)
qq¯,NF /N
(ǫ, q2) , (4.5)
H(2)qg (ǫ, q
2) = N2H
(2)
qg,N2
(ǫ, q2) +NNF H
(2)
qg,NNF
(ǫ, q2) +
NF
N
H
(2)
qg,NF /N
(ǫ, q2)
+N2F H
(2)
qg,N2
F
(ǫ, q2) , (4.6)
H(2)gg (ǫ, q
2) = N2H
(2)
gg,N2
(ǫ, q2) +NNF H
(2)
gg,NNF
(ǫ, q2) +
NF
N
H
(2)
gg,NF /N
(ǫ, q2)
+N2F H
(2)
gg,N2
F
(ǫ, q2) , (4.7)
with
H
(2)
qq¯,N2
(ǫ, q2) =
1
2
(
H
(2)
V,A(ǫ, q
2) +H
(2)
R,A(ǫ, q
2)
)
=
eǫγ
4ǫΓ(1− ǫ)
(
409
432
− 11π
2
48
+
7
2
ζ3
)
(q2)−2ǫ, (4.8)
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H
(2)
qq¯,1/N2
(ǫ, q2) =
1
2
(
H
(2)
V,Aˆ
(ǫ, q2) +H
(2)
R,Aˆ
(ǫ, q2) +H
(2)
R,C(ǫ, q
2)
)
=
eǫγ
4ǫΓ(1− ǫ)
(
− 3
16
+
π2
4
− 3ζ3
)
(q2)−2ǫ, (4.9)
H
(2)
qq¯,1(ǫ, q
2) = −H(2)
qq,N2
(ǫ, q2)−H(2)
qq¯,1/N2
(ǫ, q2) , (4.10)
H
(2)
qq¯,NNF
(ǫ, q2) =
1
2
(
H
(2)
V,Aˆ
(ǫ, q2) +H
(2)
R,B(ǫ, q
2)
)
=
eǫγ
4ǫΓ(1− ǫ)
(
− 25
108
+
π2
24
)
(q2)−2ǫ, (4.11)
H
(2)
qq¯,NF /N
(ǫ, q2) = −H(2)qq¯,NNF (ǫ, q2) , (4.12)
H
(2)
qg,N2
(ǫ, q2) =
1
2
(
H
(2)
V,D(ǫ, q
2) +H
(2)
R,D(ǫ, q
2)
)
=
eǫγ
4ǫΓ(1− ǫ)
(
− 97
216
+
25π2
72
)
(q2)−2ǫ, (4.13)
H
(2)
qg,NNF
(ǫ, q2) =
1
2
(
H
(2)
V,Dˆ
(ǫ, q2) +H
(2)
V,E(ǫ, q
2) +H
(2)
R,E(ǫ, q
2)
)
=
eǫγ
4ǫΓ(1− ǫ)
(
−19
18
+
π2
36
)
(q2)−2ǫ, (4.14)
H
(2)
qg,NF /N
(ǫ, q2) = −1
2
(
H
(2)
V,E˜
(ǫ, q2) +H
(2)
R,E˜
(ǫ, q2)
)
=
eǫγ
4ǫΓ(1− ǫ)
(
−1
4
)
(q2)−2ǫ, (4.15)
H
(2)
qg,N2
F
(ǫ, q2) =
eǫγ
4ǫΓ(1− ǫ)
5
27
(q2)−2ǫ , (4.16)
H
(2)
gg,N2
(ǫ, q2) =
1
2
(
H
(2)
V,F (ǫ, q
2) +H
(2)
R,F (ǫ, q
2)
)
=
eǫγ
4ǫΓ(1− ǫ)
(
5
6
+
11π2
72
+ ζ3
)
(q2)−2ǫ, (4.17)
H
(2)
gg,NNF
(ǫ, q2) =
1
2
(
H
(2)
V,Fˆ
(ǫ, q2) +H
(2)
V,G(ǫ, q
2) +H
(2)
R,G(ǫ, q
2)
)
=
eǫγ
4ǫΓ(1− ǫ)
(
−89
54
− π
2
36
)
(q2)−2ǫ, (4.18)
H
(2)
gg,NF /N
(ǫ, q2) = −1
2
(
H
(2)
V,G˜
(ǫ, q2) +H
(2)
R,G˜
(ǫ, q2)
)
=
eǫγ
4ǫΓ(1− ǫ)
(
−1
2
)
(q2)−2ǫ, (4.19)
H
(2)
gg,N2
F
(ǫ, q2) = −1
2
(
H
(2)
V,Gˆ
(ǫ, q2) +H
(2)
R,H(ǫ, q
2)
)
=
eǫγ
4ǫΓ(1− ǫ)
10
27
(q2)−2ǫ . (4.20)
The relation of these operators to the singularity structure of physical multi-parton two-
loop matrix elements was discussed in [4, 5, 44,46,47]
Finally, the NNLO singularity structures also contain the QCD β-function (2.13) and
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the collinear coefficient K. In a colour-ordered decomposition, these are
β0 = b0N + b0,FNF with b0 =
11
6
, b0,F = −1
3
(4.21)
and
K = k0N + k0,FNF with k0 =
67
18
− π
2
6
, k0,F = −5
9
. (4.22)
5. Quark-antiquark antennae
The quark-antiquark antenna functions are derived by appropriately normalising the colour-
ordered QCD real radiation corrections to γ∗ → qq¯, described to NNLO accuracy in [44].
The overall normalisation is given by defining the tree-level two-parton quark-antiquark
antenna function
A02(s12) ≡ 1 . (5.1)
The one-loop two-parton quark-antiquark antenna is then:
A12(s12) = (s12)−ǫ
[
− 1
ǫ2
− 3
2ǫ
− 4 + 7π
2
12
+
(
−8 + 7π
2
8
+
7
3
ζ3
)
ǫ
+
(
−16 + 7π
2
3
+
7
2
ζ3 − 73π
4
1440
)
ǫ2 +O(ǫ3)
]
, (5.2)
with
Poles (A12(s12)) = 2I(1)qq¯ (ǫ, s12) , (5.3)
Finite (A12(s12)) = −4. (5.4)
5.1 Three-parton tree-level antenna functions
The tree-level three-parton quark-antiquark antenna is:
A03(1q, 3g, 2q¯) =
1
s123
(
s13
s23
+
s23
s13
+ 2
s12s123
s13s23
)
+O(ǫ) , (5.5)
yielding the integrated antenna function according to (2.11):
A03(s123) = (s123)−ǫ
[
1
ǫ2
+
3
2ǫ
+
19
4
− 7π
2
12
+
(
109
8
− 7π
2
8
− 25
3
ζ3
)
ǫ
+
(
639
16
− 133π
2
48
− 25
2
ζ3 − 71π
4
1440
)
ǫ2 +O(ǫ3)
]
, (5.6)
with
Poles (A03(s123)) = −2I(1)qq¯ (ǫ, s123) , (5.7)
Finite (A03(s123)) = 194 . (5.8)
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This antenna can be split symmetrically into two sub-antennae, which coincide with
the q → qg dipole functions:
A03(1, 3, 2) = a
0
3(1, 3, 2) + a
0
3(2, 3, 1) , (5.9)
with
a03(1, 3, 2) =
1
s123
(
s23
s13
+ 2
s12s123
(s13 + s23)s13
)
+O(ǫ) . (5.10)
5.2 Three-parton one-loop antenna functions
At one loop, one finds three different three-particle antenna functions, corresponding to
the leading and subleading colour structures A13(1q, 3g, 2q¯), A˜
1
3(1q, 3g, 2q¯) and to the con-
tribution from a closed quark loop Aˆ13(1q, 3g, 2q¯).
Introducing
R(y, z) = log y log z − log y log(1− y)− log z log(1− z) + π
2
6
− Li2(y)− Li2(z) (5.11)
and yij = sij/s123, the one-loop antenna functions are given by:
Poles (A13(1q, 3g, 2q¯)) = 2(I(1)qg (ǫ, s13) + I(1)qg (ǫ, s23)− I(1)qq¯ (ǫ, s123))A03(1, 3, 2) , (5.12)
Finite (A13(1q, 3g, 2q¯)) = −(R(y13, y23) + 53 log y13 + 53 log y23
)
A03(1, 3, 2)
+
1
s123
+
s12 + s23
2s123s13
+
s12 + s13
2s123s23
− s13
2s123(s12 + s13)
− s23
2s123(s12 + s23)
+
log y13
s123
(
2− 1
2
s13s23
(s12 + s23)2
+ 2
s13 − s23
s12 + s23
)
+
log y23
s123
(
2− 1
2
s13s23
(s12 + s13)2
+ 2
s23 − s13
s12 + s13
)
, (5.13)
Poles
(
A˜13(1q, 3g, 2q¯)
)
= 2
(
I
(1)
qq¯ (ǫ, s12)− I(1)qq¯ (ǫ, s123)
)
A03(1, 3, 2) , (5.14)
Finite
(
A˜13(q, g, q¯)
)
= −
(
R(y12, y13) +R(y12, y23) +
3
2
log y12
)
A03(1, 3, 2)
−s12 + s23
2s123s13
− s12 + s13
2s123s23
+
s12
2s123(s12 + s13)
+
s12
2s123(s12 + s23)
+
2s12
s123(s13 + s23)
+
2 log y12
s123
(
2
s12
s13 + s23
+
s212
(s13 + s23)2
)
+
log y13
2s123
(
s12s13
(s12 + s23)2
+ 4
s12
s12 + s23
+
s13
s12 + s23
)
+
log y23
2s123
(
s12s23
(s12 + s13)2
+ 4
s12
s12 + s13
+
s23
s12 + s13
)
+R(y12, y13)
2s12 + s13
s123s23
+R(y12, y23)
2s12 + s23
s123s13
, (5.15)
Poles
(
Aˆ13(1q, 3g, 2q¯)
)
= 2
(
I
(1)
qg,F (ǫ, s13) + I
(1)
qg,F (ǫ, s23)
)
A03(1, 3, 2) , (5.16)
Finite
(
Aˆ13(1q, 3g, 2q¯)
)
=
1
6
(log y13 + log y23)A
0
3(1, 3, 2) . (5.17)
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Note that application of the Finite-operator in the above expression yields only the O(ǫ0)-
terms of the antenna functions. These antenna functions contain higher powers in ǫ as
well, and these are relevant to the integrated antennae listed below.
The integrated antennae are defined in (2.35). They read:
A13(s123) = (s123)−2ǫ
[
− 1
4ǫ4
− 31
12ǫ3
+
1
ǫ2
(
−53
8
+
11π2
24
)
+
1
ǫ
(
−647
24
+
22π2
9
+
23
3
ζ3
)
+
(
−5231
48
+
17π2
2
+
689
18
ζ3 − 41π
4
480
)
+O(ǫ)
]
, (5.18)
A˜13(s123) = (s123)−2ǫ
[
1
ǫ2
(
−5
8
+
π2
6
)
+
1
ǫ
(
−19
4
+
π2
4
+ 7ζ3
)
+
(
−105
4
+
27π2
16
+
27
2
ζ3 +
7π4
90
)
+O(ǫ)
]
, (5.19)
Aˆ13(s123) = (s123)−2ǫ
[
1
3ǫ3
+
1
2ǫ2
+
1
ǫ
(
19
12
− 7π
2
36
)
+
(
109
24
− 7π
2
24
− 25
9
ζ3
)
+O(ǫ)
]
, (5.20)
with
Poles (A13(s123)) = −A12(s123)(2I(1)qq¯ (ǫ, s123) +A03(s123))+ 2b0ǫ (s123)−ǫ I(1)qq¯ (ǫ, s123)
−H(2)V,A(ǫ, s123) + S(2)V (ǫ, s123) , (5.21)
Finite (A13(s123)) = −658148 + 787π296 + 17π4360 + 1433 ζ3 , (5.22)
Poles
(
A˜13(s123)
)
= −A12(s123)
(
2I
(1)
qq¯ (ǫ, s123) +A03(s123)
)
−H(2)
V,A˜
(ǫ, s123) , (5.23)
Finite
(
A˜13(s123)
)
= −845
8
+
217π2
32
+
9π4
40
+
75
2
ζ3 , (5.24)
Poles
(
Aˆ13(s123)
)
=
2b0,F
ǫ
(s123)
−ǫ I
(1)
qq¯ (ǫ, s123)−H(2)V,Aˆ(s123) , (5.25)
Finite
(
Aˆ13(ǫ, s123)
)
=
109
24
− 8
3
ζ3 . (5.26)
5.3 Four-parton tree-level antenna functions
The tree-level four-parton quark-antiquark antenna contains three final states: quark-
gluon-gluon-antiquark at leading and subleading colour, A04 and A˜
0
4 and quark-antiquark-
quark-antiquark for non-identical quark flavours B04 as well as the identical-flavour-only
contribution C04 . The quark-antiquark-quark-antiquark final state with identical quark
flavours is thus described by the sum of antennae for non-identical flavour and identical-
flavour-only. The antennae for the qggq¯ final state are:
A04(1q, 3g, 4g, 2q¯) = a
0
4(1, 3, 4, 2) + a
0
4(2, 4, 3, 1) , (5.27)
A˜04(1q, 3g, 4g, 2q¯) = a˜
0
4(1, 3, 4, 2) + a˜
0
4(2, 4, 3, 1) + a˜
0
4(1, 4, 3, 2) + a˜
0
4(2, 3, 4, 1) , (5.28)
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where the sub-antennae are given by
a04(1, 3, 4, 2) =
1
s1234
{
1
2s13s24s34
[
2s12s14 + 2s12s23 + 2s
2
12 + s
2
14 + s
2
23
]
+
1
2s13s24s134s234
[
3s12s
2
34 − 4s212s34 + 2s312 − s334
]
+
1
s13s24s134
[
3s12s23 − 3s12s34 + 4s212 − s23s34 + s223 + s234
]
+
3
2s13s24
[2s12 + s14 + s23] +
1
s13s34
[4s12 + 3s23 + 2s24]
+
1
s13s2134
[s12s34 + s23s34 + s24s34]
+
1
s13s134s234
[
3s12s24 + 6s12s34 − 4s212 − 3s24s34 − s224 − 3s234
]
+
1
s13s134
[−6s12 − 3s23 − s24 + 2s34]
+
1
s24s34s134
[
2s12s14 + 2s12s23 + 2s
2
12 + 2s14s23 + s
2
14 + s
2
23
]
+
1
s24s134
[−4s12 − s14 − s23 + s34] + 1
s234
[s12 + 2s13 − 2s14 − s34]
+
1
s234s
2
134
[
2s12s
2
14 + 2s
2
14s23 + 2s
2
14s24
]− 2s12s14s24
s234s134s234
+
1
s234s134
[−2s12s14 − 4s14s24 + 2s214]
+
1
s34s134s234
[−2s12s14 − 4s212 + 2s14s24 − s214 − s224]
+
1
s34s134
[−8s12 − 2s23 − 2s24] + 1
s2134
[s12 + s23 + s24]
+
3
2s134s234
[2s12 + s14 − s24 − s34] + 1
2s134
+O(ǫ)
}
, (5.29)
a˜04(1, 3, 4, 2) =
1
s1234
{
1
s13s24s134s234
[
3
2
s12s
2
34 − 2s212s34 + s312 −
1
2
s334
]
+
1
s13s24s134
[
3s12s23 − 3s12s34 + 4s212 − s23s34 + s223 + s234
]
+
s312
s13s24(s13 + s23)(s14 + s24)
+
1
s13s24(s13 + s23)
[
1
2
s12s14 + s
2
12
]
+
1
s13s24(s14 + s24)
[
1
2
s12s23 + s
2
12
]
+
1
s13s24
[
3s12 +
3
2
s14 +
3
2
s23
]
+
1
s13s2134
[s12s34 + s23s34 + s24s34] +
2s312
s13s134s234(s13 + s23)
+
1
s13s134s234
[
3s12s34 − s24s34 − 2s234
]
+
1
s13s134(s13 + s23)
[
s12s24 + s12s34 + 2s
2
12
]
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+
1
s13s134
[−s23 − s24 + 2s34] + 1
s13s234(s13 + s23)
[
s12s14 + s12s34 + 2s
2
12
]
+
1
s13s234
[−2s12 − 2s14 + s24 + 2s34]
+
2s312
s13(s13 + s23)(s14 + s24)(s13 + s14)
+
1
s13(s13 + s23)(s13 + s14)
[
s12s24 + 2s
2
12
]
+
1
s13(s14 + s24)(s13 + s14)
[
s12s23 + 2s
2
12
]
+
2s12
s13(s13 + s14)
− 2
s13
+
1
s2134
[s12 + s23 + s24]
+
1
s134s234
[s12 − s34] + 1
s134
+O(ǫ)
}
. (5.30)
In A04 the gluonic emissions are colour-ordered, while in A˜
0
4 the gluons are photon-like,
implying no ordering. Because of colour-ordering, A04 can be used with a single ordered
phase space mapping. In contrast, A˜04 can not be used with a unique ordered phase space
mapping. The above decomposition into a˜04 yields however ordered terms, since the com-
bination a˜04(1, 3, 4, 2) + a˜
0
4(2, 4, 3, 1) contains only single emission singularities in 1/s13 and
1/s24, corresponding to the ordered (1, 3, 4, 2) phase space mapping. On the other hand
a˜04(1, 4, 3, 2) + a˜
0
4(2, 3, 4, 1) contains only single emission singularities in 1/s14 and 1/s23,
corresponding to the ordered (1, 4, 3, 2) phase space mapping. Since the decomposition of
A˜04 is symmetric, all four a˜
0
4 yield identical integrals if integrated over the tripole phase
space. It should be noted that it is not possible to analytically integrate an individual
a˜04 over the tripole phase space using the reduction and integration techniques described
in [31], since the extra polynomial denominators present there enlarge the set of basis in-
tegrals considerably. When the four a˜04 are added together these polynomial denominators
cancel, and the tripole integrals can be carried out.
The integrals of these antenna functions are according to (2.23):
A04(s1234) = (s1234)−2ǫ
[
3
4ǫ4
+
65
24ǫ3
+
1
ǫ2
(
217
18
− 13π
2
12
)
+
1
ǫ
(
43223
864
− 589π
2
144
− 71
4
ζ3
)
+
(
1076717
5184
− 7955π
2
432
− 1327
18
ζ3 +
373π4
1440
)
+O(ǫ)
]
, (5.31)
A˜04(s1234) = 2 (s1234)−2ǫ
[
1
2ǫ4
+
3
2ǫ3
+
1
ǫ2
(
13
2
− 3π
2
4
)
+
1
ǫ
(
845
32
− 9π
2
4
− 40
3
ζ3
)
+
(
6921
64
− 473π
2
48
− 40ζ3 + 17π
4
144
)
+O(ǫ)
]
,
(5.32)
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with
Poles (A04(s1234)) = 2 [I(1)qq¯ (ǫ, s1234)]2 − 2 e−ǫγ Γ(1− 2ǫ)Γ(1− ǫ)
(
b0
ǫ
+ k0
)
I
(1)
qq¯ (2ǫ, s1234)
−H(2)R,A(ǫ, s1234)− S(2)V (ǫ, s1234) , (5.33)
Finite (A04(s1234)) = 8110375184 − 2321π2288 − 13π4160 − 421772 ζ3 , (5.34)
Poles
(
A˜04(s1234)
)
= 4
[
I
(1)
qq¯ (ǫ, s1234)
]2 − 2H(2)
R,A˜
(ǫ, s1234) , (5.35)
Finite
(
A˜04(s1234)
)
=
6921
32
− 259π
2
16
− 3π
4
10
− 78ζ3 . (5.36)
The non-identical quark antenna is:
B04(1q, 3q′ , 4q¯′ , 2q¯) = b
0
4(1, 3, 4, 2) + b
0
4(2, 3, 4, 1) + b
0
4(1, 4, 3, 2) + b
0
4(2, 4, 3, 1) , (5.37)
with a sub-antenna function given by
b04(1, 3, 4, 2) =
1
s1234
{
1
s234s
2
134
[
s12s13s14 + s13s14s23 − s213s24
]
+
1
s234s134s234
[−s12s13s24 + s13s14s23 − s13s224]+ 1s34s2134 [s12s13 + s13s23]
+
1
2s34s134s234
[
2s12s13 + s
2
12
]
+
s12
2s134s234
+O(ǫ)
}
. (5.38)
In B04 , the secondary quark emission is ordered, such that a single ordered phase space
mapping can be used.
This subtraction term yields the integral
B04(s1234) = (s1234)−2ǫ
[
− 1
12ǫ3
− 7
18ǫ2
+
1
ǫ
(
−407
216
+
11π2
72
)
+
(
−11753
1296
+
77π2
108
+
67
18
ζ3
)
+O(ǫ)
]
, (5.39)
with
Poles (B04(s1234)) = −2e−ǫγ Γ(1− 2ǫ)Γ(1− ǫ)
(
b0,F
ǫ
+ k0,F
)
I
(1)
qq¯ (2ǫ, s1234)
−H(2)R,B(ǫ, s1234) , (5.40)
Finite (B04(s1234)) = −117531296 − 7π272 + 13336 ζ3 . (5.41)
The identical-flavour-only quark-antiquark-quark-antiquark antenna is:
C04 (1q, 3q, 4q¯, 2q¯) = c
0
4(1, 2, 3, 4) + c
0
4(1, 4, 3, 2) , (5.42)
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with
c04(1, 2, 3, 4) =
1
s1234
{
− s12s13s14
2s23s34s123s134
+
1
2s23s34s134s234
[−s12s13s24 + s13s14s24]
− s13s
2
24
2s23s34s2234
− s12s13
s23s123s134
+
1
2s23s123s234
[−s12s14 − s12s34 − s212 + s13s24]
+
1
2s23s134s234
[
s12s14 + s12s34 + s
2
12 + s13s24
]− s13
2s123s134
+
1
s23s2234
[s12s24 + s14s24] +
1
2s123s234
[−s12 + s14] +O(ǫ)
}
. (5.43)
It integrates to
C04(s1234) =
1
2
(s1234)
−2ǫ
[
1
ǫ
(
−13
16
+
π2
8
− 1
2
ζ3
)
+
(
−339
32
+
17π2
24
+
21
4
ζ3 − 2π
4
45
)
+O(ǫ)
]
, (5.44)
with
Poles (C04(s1234)) = −12H(2)R,C(ǫ, s1234) , (5.45)
Finite (C04(s1234)) = −33964 + 17π248 + 218 ζ3 − π445 . (5.46)
All antenna functions listed in this section agree with the four-parton matrix elements
in the Appendix of [35], taking account of the different normalisation used here. They
also all agree with [A1].
6. Quark-gluon antennae
The quark-gluon antenna functions are obtained from the QCD real radiation corrections
to the decay of a heavy neutralino into a massless gluino and a gluon, χ˜ → g˜g, which is
described in detail in [46].
The overall normalisation is given by defining the tree-level two-parton quark-gluon
antenna function
D02(s13) ≡ 1 . (6.1)
In this equation, and in all subsequent equations in the section, we label the primary quark
momentum as (1)q and the momenta of gluons or of a secondary quark-antiquark pair
as (3)i, (4)j and (5)k. This non-consecutive labelling of momenta is introduced in view
of applying the quark-gluon antenna functions in an actual calculation, where they will
always appear in a pair: quark-gluon antenna and antiquark-gluon antenna, with (1)q and
(2)q¯ denoting the primary quark and antiquark momenta.
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The one-loop two-parton quark-gluon antenna contains two contributions, correspond-
ing to the different colour and flavour structures:
D12(s13) = 2 (s13)−ǫ
[
− 1
ǫ2
− 5
3ǫ
+
7π2
12
+
(
−1 + 7
3
ζ3
)
ǫ
+
(
−3− 73π
4
1440
)
ǫ2 +O(ǫ3)
]
, (6.2)
Dˆ12(s13) = 2 (s13)−ǫ
1
6ǫ
, (6.3)
with
Poles (D12(s13)) = 4I(1)qg (ǫ, s13) , (6.4)
Finite (D12(s13)) = 0 , (6.5)
Poles
(
Dˆ12(s13)
)
= 4I
(1)
qg,F (ǫ, s13) , (6.6)
Finite
(
Dˆ12(s13)
)
= 0 . (6.7)
The pole terms in the above expression have to be compared to the pole terms of the
one-loop correction to the quark-antiquark antenna function A12 in (5.3), containing 2I(1)qq¯ .
The factor 4 in (6.4),(6.6) appears since the tree level quark-gluon antenna function D02(s13)
contains two distinct quark-gluon antennae, in contrast to the single quark-antiquark an-
tenna contained in A02(s12), as will be seen below in constructing the three-parton tree-level
antenna functions.
6.1 Three-parton tree-level antenna functions
The tree-level three-parton quark-gluon antenna contains two final states: quark-gluon-
gluon and quark-quark-antiquark. The antenna corresponding to the first final state is:
D03(1q, 3g, 4g) =
1
s2134
(
2s2134s14
s13s34
+
2s2134s13
s14s34
+
s14s34 + s
2
34
s13
+
s13s34 + s
2
34
s14
+
2s13s14
s34
+ 5s134 + s34
)
+O(ǫ) . (6.8)
Its integrated form is
D03(s134) = 2 (s134)−ǫ
[
1
ǫ2
+
5
3ǫ
+
17
3
− 7π
2
12
+
(
209
12
− 35π
2
36
− 25
3
ζ3
)
ǫ
+
(
421
8
− 119π
2
36
− 125
9
ζ3 − 71π
4
1440
)
ǫ2 +O(ǫ3)
]
, (6.9)
with
Poles (D03(s134)) = −4I(1)qg (ǫ, s134) , (6.10)
Finite (D03(s134)) = 343 . (6.11)
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This tree-level antenna function contains two antennae, corresponding to the configura-
tions: (gluon (3g) radiated between quark and gluon (4g)) and (gluon (4g) radiated be-
tween quark and gluon (3g)). The separation between these is not free from an ambiguity,
since the collinear limit of the two gluons has be split between the two configurations. We
decompose
D03(1, 3, 4) = d
0
3(1, 3, 4) + d
0
3(1, 4, 3) , (6.12)
where the sub-antenna is given by
d03(1, 3, 4) =
1
s2134
(
2s2134s14
s13s34
+
s14s34 + s
2
34
s13
+
s13s14
s34
+
5
2
s134 +
1
2
s34
)
+O(ǫ). (6.13)
The function could be further decomposed into two dipoles if needed for configurations
discussed in Section 2.3.2.
The tree-level three-parton quark-gluon antenna corresponding to the quark-quark-
antiquark final state is:
E03(1q, 3q′ , 4q¯′) =
1
s2134
(
s213 + s
2
14
s34
+ s13 + s14
)
+O(ǫ) . (6.14)
Phase space integration yields:
E03 (s134) = 2 (s134)−ǫ
[
− 1
6ǫ
− 1
2
+
(
−3
2
+
7π2
72
)
ǫ
+
(
−9
2
+
7π2
24
− 25
18
ζ3
)
ǫ2 +O(ǫ3)
]
, (6.15)
with
Poles (E03 (s134)) = −4I(1)qg,F (ǫ, s134) , (6.16)
Finite (E03 (s134)) = −1 . (6.17)
6.2 Three-parton one-loop antenna functions
At one loop, the correction to the quark-gluon-gluon antenna contains a leading colour
term D13(1q, 3g, 4g) and a quark loop term Dˆ
1
3(1q, 3g, 4g). These read:
Poles (D13(1q, 3g, 4g)) = 2(I(1)qg (ǫ, s13) + I(1)qg (ǫ, s14) + I(1)gg (ǫ, s34)
−2I(1)qg (ǫ, s134)
)
D03(1, 3, 4) , (6.18)
Finite (D13(1q, 3g, 4g)) = −(R(y13, y34) +R(y14, y34) +R(y13, y14) + 53 log y13
+
5
3
log y14 +
11
6
log y34
)
D03(1, 3, 4) +
1
3s34
, (6.19)
Poles
(
Dˆ13(1q, 3g, 4g)
)
= 2
(
I
(1)
qg,F (ǫ, s13) + I
(1)
qg,F (ǫ, s14)
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+I
(1)
gg,F (ǫ, s34)− 2I(1)qg,F (ǫ, s134)
)
D03(1, 3, 4) , (6.20)
Finite
(
Dˆ13(1q, 3g, 4g)
)
=
1
6
(log y13 + log y14 + 2 log y34)D
0
3(1, 3, 4) −
1
3s34
. (6.21)
Integration of these antenna functions yields
D13(s134) = (s134)−2ǫ
[
− 1
2ǫ4
− 16
3ǫ3
+
1
ǫ2
(
−619
36
+
5π2
4
)
+
1
ǫ
(
−8941
108
+
23π2
4
+
88
3
ζ3
)
+
(
−20353
54
+
5473π2
216
+ 105ζ3 − 11π
4
720
)
+O(ǫ)
]
, (6.22)
Dˆ13(s134) = (s134)−2ǫ
[
2
3ǫ3
+
10
9ǫ2
+
1
ǫ
(
139
36
− 7π
2
18
)
+
(
443
36
− 35π
2
54
− 50
9
ζ3
)
+O(ǫ)
]
, (6.23)
with
Poles (D13(s134)) = −D12(s134)(4I(1)qg (ǫ, s134) +D03(s134))+ 2b0ǫ (s134)−ǫ [2 I(1)qg (ǫ, s134)]
−H(2)V,D(ǫ, s134) + 2S(2)(ǫ, s134) , (6.24)
Finite (D13(s134)) = −3245554 + 16573π2432 + 49π490 + 328318 ζ3 , (6.25)
Poles
(
Dˆ13(s134)
)
= −Dˆ12(s134)
(
4I(1)qg (ǫ, s134) +D03(s134)
)
+
2b0,F
ǫ
(s134)
−ǫ
[
2 I(1)qg (ǫ, s134)
]
−H(2)
V,Dˆ
(ǫ, s134) , (6.26)
Finite
(
Dˆ13(s134)
)
=
287
12
− 32
3
ζ3 . (6.27)
Again, the factors of 2 in front of the infrared singularity operators and of the soft gluon
current arise from the fact that the basic two-parton process contains two quark-gluon
antennae.
At one loop, the correction to the quark-quark-antiquark antenna contains a leading
colour and a subleading colour term E13(1q, 3q′ , 4q¯′), E˜
1
3(1q, 3q′ , 4q¯′) as well as a quark loop
term Eˆ13(1q, 3q′ , 4q¯′). These read:
Poles (E13(1q, 3q′ , 4q¯′)) = 2(I(1)qq¯ (ǫ, s13) + I(1)qq¯ (ǫ, s14)− 2I(1)qg (ǫ, s134))E03(1, 3, 4) ,
(6.28)
Finite (E13(1q, 3q′ , 4q¯′)) = −(R(y13, y34) +R(y14, y34) + 32 log y13 + 32 log y14
+
13
6
log y34 − 40
9
)
E03(1, 3, 4)
+R(y13, y34)
s13
s2134
+R(y14, y34)
s14
s2134
, (6.29)
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Poles
(
E˜13(1q, 3q′ , 4q¯′)
)
= 2
(
I
(1)
qq¯ (ǫ, s34)
)
E03(1, 3, 4) , (6.30)
Finite
(
E˜13(1q, 3q′ , 4q¯′)
)
= −4E03(1, 3, 4) , (6.31)
Poles
(
Eˆ13(1q, 3q′ , 4q¯′)
)
= −4I(1)qg,F (ǫ, s134)E03(1, 3, 4) , (6.32)
Finite
(
Eˆ13(1q, 3q′ , 4q¯′)
)
=
(
−10
9
+
2
3
log y34
)
E03(1, 3, 4) . (6.33)
Integration of these antenna functions yields
E13 (s134) = (s134)−2ǫ
[
11
18ǫ2
+
1
ǫ
(
74
27
− π
2
9
)
+
(
3023
216
− 181π
2
216
− 130
9
ζ3
)
+O(ǫ)
]
, (6.34)
E˜13 (s134) = (s134)−2ǫ
[
1
6ǫ3
+
35
36ǫ2
+
1
ǫ
(
509
108
− π
2
4
)
+
(
1670
81
− 35π
2
24
− 31
9
ζ3
)
+O(ǫ)
]
, (6.35)
Eˆ13 (s134) = (s134)−2ǫ
[
1
3ǫ
+
(
172
81
− 11π
2
108
)
+O(ǫ)
]
, (6.36)
with
Poles (E13 (s134)) = −D12(s134)(4I(1)qg,F (ǫ, s134) + E03 (s134))
+
2b0
ǫ
(s134)
−ǫ 2 I
(1)
qg,F (ǫ, s134)−H(2)V,E(ǫ, s134) , (6.37)
Finite (E13 (s134)) = 9071216 − 143π254 − 263 ζ3 , (6.38)
Poles
(
E˜13 (s134)
)
= −H(2)
V,E˜
(ǫ, s134) , (6.39)
Finite
(
E˜13 (s134)
)
=
1670
81
− 595π
2
432
− 61
18
ζ3 , (6.40)
Poles
(
Eˆ13 (s134)
)
= −Dˆ12(s134)
(
4I
(1)
qg,F (ǫ, s134) + E03 (s134)
)
+
2b0,F
ǫ
(s134)
−ǫ
[
2 I
(1)
qg,F (ǫ, s134)
]
+ 2
[
2 I
(1)
qg,F (ǫ, s134)
]2
−2e−ǫγ Γ(1− 2ǫ)
Γ(1− ǫ)
(
b0,F
ǫ
+ k0,F
)[
2 I
(1)
qg,F (2ǫ, s134)
]
−2H(2)
qg,N2
F
(ǫ, s134) , (6.41)
Finite
(
Eˆ13 (s134)
)
=
91
81
+
π2
72
. (6.42)
The last contribution corresponds to the quark loop correction to the quark-quark-antiquark
antenna, and enters into physical cross sections multiplied with a factor N2F . In the case
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of quark-gluon antenna functions, there is no contribution with this factor coming from
four-parton tree-level antennae. Therefore, Poles(Eˆ13 ) contains the full infrared singularity
structure of the two-loop two-parton quark-gluon antenna at N2F . Note that the full hard
radiation factor H
(2)
qg,N2
F
(and not only the virtual hard radiation) is present here.
6.3 Four-parton tree-level antenna functions
The tree-level four-parton quark-gluon antenna contains two final states: quark-gluon-
gluon-gluon, D04 and quark-quark-antiquark-gluon at leading and subleading colour, E
0
4
and E˜04 . The antenna for the qggg final state is:
D04(1q, 3g, 4g, 5g) = d
0
4(1, 3, 4, 5) + d
0
4(1, 5, 4, 3) , (6.43)
with
d04(1, 3, 4, 5) =
1
s21345
{
s14
2s13s15s34s45
[
3s14s
2
35 + 3s
2
14s35 + 2s
3
14 + s
3
35
]
+
s14
s13s15s34
[
6s14s35 + 3s14s45 + 4s
2
14 + 3s35s45 + 3s
2
35 + s
2
45
]
+
s14
s13s15
[3s14 + 3s35 + 3s45] +
s14
s13s34s135s345
[
3s14s
2
45 + 3s
2
14s45
+2s314 + s
3
45
]
+
s14
s13s135s345
[
3s14s45 + 3s
2
14 − 2s35s45 − s235 + s245
]
+
s314
s13s34s135
+
s335s45
2s13s15s134s145
− s
3
35
2s13s15s134
+
s15
s13s45s134s145
[
3s15s
2
35 + 3s
2
15s35 + s
3
15 + s
3
35
]
+
1
s13s34s45
[
9s14s15s35 + 4s14s
2
15 + 6s14s
2
35 + 6s
2
14s15 + 9s
2
14s35 + 4s
3
14
+3s15s
2
35 + 4s
2
15s35 + 2s
3
15 + s
3
35
]
+
1
s13s34s345
[
s14s15s45 + 4s14s
2
15 + s14s
2
45
+6s214s15 + 3s
2
14s45 + 4s
3
14 + s15s
2
45 − 2s215s45 + 2s315
]
+
1
s13s34
[
17s14s15 + 16s14s35 + 11s14s45 + 15s
2
14 + 12s15s35 + 5s15s45
+10s215 + 5s35s45 + 5s
2
35 + 2s
2
45
]
+
s34
s13s2134
[
2s15s35 + 2s15s45 + s
2
15
+2s35s45 + s
2
35 + s
2
45
]
+
s35
s13s45s145s135
[
3s34s
2
35 + 3s
2
34s35 + s
3
34 + s
3
35
]
+
s35
s13s145s135
[−6s34s35 + 3s34s45 − 3s234 + 3s35s45 − 3s235 − s245]
+
s35
s13s
2
135
[
2s14s34 + 2s14s45 + s
2
14 + 2s34s45 + s
2
34 + s
2
45
]
+
1
s13s45s134s345
[
5s15s
3
35 + 9s
2
15s
2
35 + 7s
3
15s35 + 2s
4
15 + s
4
35
]
+
1
s13s45s134
[
2s15s34s35 − 4s15s235 + s215s34 − 5s215s35 − 2s315 + s34s235 − s335
]
+
1
s13s45s145
[
3s15s34s35 + 2s15s
2
34 + 2s15s
2
35 − s215s34 + s215s35 + s315
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−3s34s235 − 3s234s35 − s334 − s335
]
+
1
s13s45s135s345
[
− 5s14s335 + 9s214s235
−7s314s35 + 2s414 + s435
]
+
1
s13s45s135
[
4s14s
2
34 + 6s14s
2
35 + 7s
2
14s34 − 7s214s35
+6s314 + 4s34s
2
35 + 3s
2
34s35 + s
3
34
]
+
1
s13s45s345
[
10s14s
2
15 + 6s14s
2
35
+10s214s15 − 7s214s35 + 6s314 + 6s15s235 + 7s215s35 + 6s315
]
+
1
s13s45
[
17s14s15 + 8s14s34 + 6s14s35 + 18s
2
14 + 5s15s34 + 4s15s35 + 5s
2
15
−s34s35 − s234 + 2s235
]
+
1
s13s134s145
[
3s15s35s45 + 6s15s
2
35 + 6s
2
15s35
+s215s45 + 2s
3
15 + 3s
2
35s45 +
3
2
s335
]
+
1
s13s134s345
[
6s15s35s45 + 9s15s
2
35
+s15s
2
45 + 9s
2
15s35 + 3s
2
15s45 + 3s
3
15 + s35s
2
45 + 3s
2
35s45 + 3s
3
35
]
+
1
s13s134
[
4s15s34 − 13s15s35 − 6s15s45 − 7s215 + 4s34s35 + 3s34s45
−5s35s45 − 7s235 − 2s245
]
+
1
s13s145
[
− 2s15s34 − s15s35
+s215 + 6s34s35 − s34s45 + 2s234 − 3s35s45 + 4s235
]
+
1
s13s135
[
2s14s34 − s14s35 + 6s214 − s34s35 − 2s34s45 + 3s35s45 − s235 − s245
]
+
1
s13s345
[
2s14s15 + 2s14s35 + 2s14s45 + s
2
14 + 4s15s35 + 2s15s45 + s
2
15
+s35s45 + 2s
2
35
]
+
1
s13
[14s14 + 2s15 + 2s34 + 3s35 − 2s45]
− 4s13s
2
15
s45s145s345
+
s14s15
s34s2134
[−4s35 − 4s45]− 4s14s
2
15s45
s234s134s345
+
s14
s234s134
[
2s14s15 + 2s14s35 + 2s14s45 + 4s15s35 − 4s15s45 − 2s35s45 − 2s245
]
+
s214
s234s
2
134
[
2s15s35 + 2s15s45 + 2s
2
15 + 2s35s45 + s
2
35 + s
2
45
]
+
s15
2s34s45s134s145
[
3s15s
2
35 + 3s
2
15s35 + 2s
3
15 + s
3
35
]
+
s15
s34s45s145
[
2s13s15
+2s15s35 +
3
2
s235
]
+
s15
s34s134s345
[−4s14s15 − 2s14s45 − 4s214 − 8s215 − 2s245]
+
s15s35
s245s345
[−4s14 − 4s15 + 4s35] + s15s35
s45s135s345
[
2s14 + s15 +
1
2
s35
]
+
s15s
2
35
s245s
2
345
[4s14 + 2s15] +
s15
s245s145
[
2s13s15 + 2s15s34 + 2s15s35
−2s34s35 − 2s235
]
+
s15
s245
[2s15 + 2s34 − 6s35]
+
s15
s45s134s345
[−6s14s15 − 2s14s35 − 2s214 − 6s15s35 − 4s215 − 8s235]
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+
s15
s45s134
[
−s14 + 5
2
s15 +
1
2
s34 +
15
2
s35
]
+
s15
s45s
2
145
[
4s34s35 + 2s
2
34 + 2s
2
35
]
+
s15
s45s145s135
[
3
2
s15s34 − 1
2
s15s35 − s215 −
3
2
s34s35 − 3
2
s234 − s235
]
+
s15
s45s145
[
−2s15 + 11
2
s34 + 4s35
]
+
s15
s45s135
[−2s14 − 2s34]
+
s15
s45s345
[−6s14 − 6s15 − 6s35] + 15s15
2s45
+
s215
s245s
2
145
[
2s13s34 + 2s13s35
+2s34s35 + s
2
34 + s
2
35
]
+
s45
s234s345
[−8s14s15 + 4s14s45 − 4s214 + 4s15s45]
+
s245
s234s
2
345
[
4s13s15 + 4s14s15 + 2s
2
14 + 2s
2
15
]
+
1
s234
[
− 2s13s15 + 2s14s15
+2s14s35 − 6s14s45 + 2s214 − 2s15s35 − 2s15s45 + s235 + s245
]
+
1
s34s45s134
[
1
2
s14s15s35 + 3s14s
2
15 + s
2
14s15 +
1
2
s214s35 + s
3
14 +
3
2
s15s
2
35
+
5
2
s215s35 + s
3
15 +
1
2
s335
]
+
1
s34s45
[
4s13s15 + 16s14s15 + 11s14s35 + 7s
2
14
+16s15s35 + 8s
2
15 +
9
2
s235
]
+
s45
s34s135s345
[
2s14s15 − 6s14s45 − 6s214
+
3
2
s15s45 − s215 −
5
2
s245
]
+
s45
s34s
2
345
[
8s13s15 + 8s14s15 + 4s
2
14 + 4s
2
15
]
+
1
s34s134s145
[
9s15s35s45 +
9
2
s15s
2
35 + 5s15s
2
45 + 6s
2
15s35 +
11
2
s215s45 +
7
2
s315
+6s35s
2
45 +
9
2
s235s45 + s
3
35 +
5
2
s345
]
+
1
s34s134s135
[
9
2
s15s35s45 + 3s15s
2
35
+
3
2
s15s
2
45 +
5
2
s215s35 +
3
2
s215s45 + s
3
15 +
9
2
s35s
2
45 + 6s
2
35s45 +
5
2
s335 + s
3
45
]
+
1
2s34s134
[
− 5s14s15 + 5s14s35 − 3s14s45 − 7s214 − 22s15s35 − 19s15s45
−35s215 − 27s35s45 − 17s235 − 13s245
]
+
1
s34s145s345
[−6s13s15s45 − 2s13s215 + 6s15s245 + 5s215s45 + 2s315 + 4s345]
+
1
s34s145
[
13
2
s13s15 +
13
2
s15s35 +
1
2
s215 + 7s35s45 + 3s
2
35 − s245
]
+
1
s34s135
[
+ s14s35 + 7s14s45 + 4s
2
14 +
3
2
s15s35 +
1
2
s15s45 + s
2
15 +
7
2
s35s45
+
5
2
s235 +
11
2
s245
]
+
1
s34s345
[
− 8s13s15 − 14s14s15 + 7s14s45 − 8s214
+7s15s45 − 16s215 −
9
2
s245
]
+
1
2s34
[23s14 − 13s15 + 5s35 + 4s45]
+
1
2s45s134s145
[
− 3s15s34s35 − s15s234 − 3s15s235 − 3s215s35 − 3s315 − 3s34s235
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−3s234s35 − s334 − s335
]
+
1
s2134
[
s215 + 4s35s45 + 2s
2
35 + 2s
2
45
]
+
1
s134s145
[3
2
s15s34 − 3s15s35 − 6s15s45 − 9
2
s215 +
3
2
s34s45 +
1
2
s234 − 3s35s45
−3
2
s235 − 4s245
]
+
1
s134s135
[
+
3
2
s15s34 − 9
2
s15s35 − 3
2
s215 − 9s35s45 − 6s235
]
+
1
2s134s345
[
− 5s14s35 − 3s14s45 + 3s214 − 22s15s35 − 12s15s45 + 12s215
+s35s45 − s235 + s245
]
+
1
2s134
[−3s14 + 29s15 + 18s35 + 23s45]
+
1
2s145s135
[
3s15s35 − 3s15s45 − 3s215 + 9s35s45 − 2s245
]
+
1
2s145s345
[−2s15s35 + 3s15s45 + s215 − 3s35s45 + s235 + 5s245]
+
1
s145
[−4s15 − 4s45] + 1
s2135
[
4s14s45 + s
2
14 + 2s34s45 + 2s
2
45
]
+
1
s135s345
[
2s14s15 + 7s14s35 − 6s14s45 − 4s214 −
3
2
s15s35 +
3
2
s15s45 − s215
+
5
2
s35s45 − 5
2
s235 −
5
2
s245
]
+
1
s135
[2s14 − 2s35 + 7s45]
+
1
s2345
[
6s13s15 + 8s14s15 + 3s
2
14 + 4s
2
15
]
+
1
s345
[
7
2
s14 +
15
2
s15 + 3s35 − 5
2
s45
]
+ 8 +O(ǫ)
}
. (6.44)
InD04(1, 3, 4, 5), the gluonic emissions are colour-ordered. However, as explained in [46],
both possible colour-orderings (normal and reverse) are contained in the same colour-
ordered squared matrix element. Moreover, since this squared matrix element originates
from an amplitude which is cyclic in the partonic colour indices, it also contains singular
limits in the momentum configuration (5g, 1q, 3g), as outlined in detail in Section 8.3.2 be-
low. Using this antenna function as NNLO subtraction term, this limit has to be accounted
for properly.
For the above reasons, it is not possible to use a single ordered phase space parametri-
sation in the numerical implementation of D04(1, 3, 4, 5). Instead, D
0
4(1, 3, 4, 5) has to be
split into different ordered pieces by repeated partial fractioning on pairs of invariants.
Since this decomposition is not symmetric, the individual pieces can no longer be inte-
grated analytically. Therefore the full D04(1, 3, 4, 5) and not the sub-antennae must be used
as a subtraction term.
The integral of this antenna function is
D04(s1345) = (s1345)−2ǫ
[
5
2ǫ4
+
37
4ǫ3
+
1
ǫ2
(
398
9
− 11π
2
3
)
+
1
ǫ
(
28319
144
− 55π
2
4
− 188
3
ζ3
)
– 45 –
+(
2201527
2592
− 529π
2
8
+
511π4
720
− 722
3
ζ3
)
+O(ǫ)
]
, (6.45)
with
Poles (D04(s1345)) = 2 [2I(1)qg (ǫ, s1345)]2 − 2e−ǫγ Γ(1− 2ǫ)Γ(1− ǫ)
(
b0
ǫ
+ k0
) [
2I(1)qg (2ǫ, s1345)
]
−H(2)R,D(ǫ, s1345)− 2S(2)V (ǫ, s1345) , (6.46)
Finite (D04(s1345)) = 19358472592 − 4271π2108 − 73π4144 − 748336 ζ3 . (6.47)
The leading colour and subleading colour quark-quark-antiquark-gluon antennae are:
E04(1q, 3q′ , 4q¯′ , 5g) =
1
s21345
{
− s13s14
s15s345
+
s14
s15s34s45
[
s13s35 + s
2
13 + s
2
14
]
+
s14
s15s34s134
[
2s14s35 + 2s14s45 − s235 + s245
]
+
s14
s15s45s345
[
s13s35 + s
2
13 + s
2
14
]
+
s14
s15s45
[2s13 + 2s14 + s35]
− 4s14s
2
15s35
s234s134s345
+
s14
s234s134
[
− 4s14s15 − 4s14s35 − 4s14s45
+8s15s45 + 4s
2
15 + 4s35s45 + 4s
2
45
]
+
s14
s34s45s134
[−2s14s15 − s14s35 − 2s214 − s15s35 − s215]
+
s14
s34s2134
[−4s15s35 − 4s15s45 − 2s215 − 4s35s45 − 2s235 − 2s245]
− s14
s345
+
s214
s234s
2
134
[−4s15s35 − 4s15s45 − 2s215 − 4s35s45 − 2s235 − 2s245]
+
1
s15s34s345
[
s13s
2
14 + s
2
13s14 + s
2
13s35 + s
3
13 − s214s35 + s314
]
+
1
s15s34
[
s13s14 + 3s13s35 + s13s45 + 2s
2
13 − s14s35 + s14s45
+4s214 + s35s45 + s
2
35
]
+
1
s15s134
[
− s13s45 + s14s35
+2s14s45 − s35s45 + s245
]
+
1
s15
[s13 + 2s14 + s35 + s45]
+
s15
s34s134s345
[−2s14s35 + 8s214 − 2s15s35 + 2s215 + 2s235]
+
s35
s234s345
[
4s13s14 + 8s13s15 − 4s13s35 + 4s213 − 4s14s35 − 4s15s35
+4s215
]
+
s235
s234s
2
345
[−4s13s14 − 4s13s15 − 2s213 − 4s14s15 − 2s214 − 2s215]
+
1
s234
[
− 4s13s15 + 4s13s35 − 4s13s45 − 2s213 + 4s14s15 + 4s14s35
+4s14s45 + 4s15s35 − 4s15s45 − 2s215 − 2s245
]
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+
1
s34s134
[
− s14s15 − 7s14s35 + s14s45 + 7s214 + s15s35 + 7s15s45
+6s215 + 2s35s45 + s
2
35 + 3s
2
45
]
+
1
s34s345
[
6s13s15 + 2s13s35 + 4s
2
13
−4s14s35 + 6s214 + 5s215
]
+
1
s34
[3s13 + 2s14 + 6s15 + 6s35 + s45]
+
s35
s45s2345
[
2s13s14 + 2s13s15 + s
2
13 + 2s14s15 + s
2
14 + s
2
15
]
+
1
s45s134s345
[
− s13s14s15 + s13s14s35 − s13s214 + s13s15s35 + 3s14s215
+3s214s15 + s
3
14 + s
3
15
]
+
1
s45s134
[−s13s15 + s14s15 − s214 + s215]
+
1
s45s345
[
− 2s13s15 + 2s13s35 − s213 + 3s14s15 + s14s35 + 4s214
+s15s35
]
+
1
s45
[−2s13 + 2s14 − s34]
+
1
s2134
[−2s15s35 − 2s15s45 − s215 − 2s35s45 − s235 − s245]
+
1
s134s345
[
s13s14 − 3s13s15 − s213 + 4s14s15 − s214 − 3s215
]
+
1
s134
[−3s13 + 6s14 − 3s35 + 2s45] + 2 +O(ǫ)
}
, (6.48)
E˜04(1q, 3q′ , 4q¯′ , 5g) = e˜
0
4(1, 3, 4, 5) + e˜
0
4(1, 4, 3, 5) , (6.49)
with
e˜04(1, 3, 4, 5) =
1
s21345
{
1
s35s45
[
2s13s34 + 2s13s15 + 2s
2
13 + s34s15 + s
2
15
]
+
s35
s45s2345
[
2s13s14 + 2s13s15 + s
2
13 + 2s14s15 + s
2
14 + s
2
15
]
+
1
s45s345
[
− 2s13s14 − 4s13s15 + s13s35 − 2s213 − 2s14s15
+s14s35 + s15s35 − 2s215
]
+O(ǫ)
}
. (6.50)
Concerning the phase space mapping, E04 can be decomposed into ordered contributions,
which can use an ordered parametrisation of the phase space, by repeated partial fractioning
of the invariants (like in A˜04). Due to the lack of symmetry, the result is considerably larger
than the above expression and not very instructive. It is therefore not quoted here. E˜04 is
already ordered (since quark (1) decouples from all singular limits).
In the leading colour term, the gluonic emission is colour-ordered (either in the q, q¯′-
antenna denoted here, or in the q, q′-antenna). The second colour-ordering is obtained by
interchanging q′ ↔ q¯′. Note, in particular, that gluon emission inside the q′, q¯′-antenna
is only possible at subleading colour (and constitutes in fact the full subleading colour
contribution).
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Integration yields
E04 (s1345) =
1
2
(s1345)
−2ǫ
[
− 5
6ǫ3
− 17
4ǫ2
+
1
ǫ
(
−2239
108
+
5π2
4
)
+
(
−20521
216
+
51π2
8
+
200
9
ζ3
)
+O(ǫ)
]
, (6.51)
E˜04 (s1345) = (s1345)−2ǫ
[
− 1
6ǫ3
− 35
36ǫ2
+
1
ǫ
(
−1045
216
+
π2
4
)
+
(
−28637
1296
+
35π2
24
+
40
9
ζ3
)
+O(ǫ)
]
, (6.52)
with
Poles (E04 (s1345)) = 2 [2I(1)qg (ǫ, s1345)] [2I(1)qg,F (ǫ, s1345)]
−e−ǫγ Γ(1− 2ǫ)
Γ(1− ǫ)
[(
b0,F
ǫ
+ k0,F
) [
2I(1)qg (2ǫ, s1345)
]
+
(
b0
ǫ
+ k0
) [
2I
(1)
qg,F (2ǫ, s1345)
] ]
− 1
2
H
(2)
R,E(ǫ, s1345) , (6.53)
Finite (E04 (s1345)) = −20521432 + 1097π2864 + 39136 ζ3 , (6.54)
Poles
(
E˜04 (s1345)
)
= −H(2)
R,E˜
(ǫ, s1345) , (6.55)
Finite
(
E˜04 (s1345)
)
= −28637
1296
+
595π2
432
+
79
18
ζ3 . (6.56)
7. Gluon-gluon antennae
The gluon-gluon antenna functions are obtained from the QCD real radiation corrections
to the decay of a massive Higgs boson into two gluons, H → gg, which is described in
detail in [47].
The overall normalisation is given by defining the tree-level two-parton gluon-gluon
antenna function
F02 (s12) ≡ 1 . (7.1)
The one-loop two-parton gluon-gluon antenna contains two contributions, correspond-
ing to the different colour and flavour structures:
F12 (s12) = 2 (s12)−ǫ
[
− 1
ǫ2
− 11
6ǫ
+
7π2
12
+
(
−1 + 7
3
ζ3
)
ǫ
+
(
−3− 73π
4
1440
)
ǫ2 +O(ǫ3)
]
, (7.2)
Fˆ12 (s12) = 2 (s12)−ǫ
1
3ǫ
, (7.3)
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with
Poles (F12 (s12)) = 4 I(1)gg (ǫ, s12) , (7.4)
Finite (F12 (s12)) = 0 , (7.5)
Poles
(
Fˆ12 (s12)
)
= 4 I
(1)
gg,F (ǫ, s12) , (7.6)
Finite
(
Fˆ12 (s12)
)
= 0 . (7.7)
The pole terms in the above expression have to be compared to the pole terms of the
one-loop correction to the quark-antiquark antenna function A12 in (5.3), and the quark-
gluon antenna functions D12 in (6.4) and Dˆ12 in (6.6). The factor 4 in (7.4),(7.6) appears
since the tree-level gluon-gluon antenna function F02 contains two distinct gluon-gluon
antennae. This situation is like for D02, which contains two quark-gluon antennae, but in
contrast to the single quark-antiquark antenna contained in A02.
7.1 Three-parton tree-level antenna functions
The tree-level three-parton gluon-gluon antenna contains two final states: gluon-gluon-
gluon and gluon-quark-antiquark. The antenna corresponding to the first final state is:
F 03 (g1, g2, g3) =
2
s2123
(
s2123s12
s13s23
+
s2123s13
s12s23
+
s2123s23
s12s13
+
s12s13
s23
+
s12s23
s13
+
s13s23
s12
+4s123 +O(ǫ)
)
. (7.8)
It yields the integral:
F03 (s123) = 3 (s123)−ǫ
[
1
ǫ2
+
11
6ǫ
+
73
12
− 7π
2
12
+
(
451
24
− 77π
2
72
− 25
3
ζ3
)
ǫ
+
(
2729
48
− 511π
2
144
− 275
18
ζ3 − 71π
4
1440
)
ǫ2 +O(ǫ3)
]
, (7.9)
with
Poles (F03 (s123)) = −6I(1)gg (ǫ, s123) , (7.10)
Finite (F03 (s123)) = 734 . (7.11)
As can be seen from the pole structure, this tree-level antenna function contains three
antenna configurations, corresponding to the three possible configurations of emitting a
gluon in between a gluon pair. The separation between these is not free from an ambiguity,
but is in fact fixed by the decomposition used in the case of the quark-gluon-gluon antenna
in (6.13) above. We decompose
F 03 (1, 2, 3) = f
0
3 (1, 3, 2) + f
0
3 (3, 2, 1) + f
0
3 (2, 1, 3) , (7.12)
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where
f03 (1, 3, 2) =
1
s2123
(
2
s2123s12
s13s23
+
s12s13
s23
+
s12s23
s13
+
8
3
s123 +O(ǫ)
)
. (7.13)
The tree-level three-parton gluon-gluon antenna corresponding to the gluon-quark-
antiquark final state is:
G03(1g, 3q, 4q¯) =
1
s2134
(
s213 + s
2
14
s34
+O(ǫ)
)
. (7.14)
Its integrated form reads:
G03(s134) = (s134)−ǫ
[
− 1
3ǫ
− 7
6
+
(
−15
4
+
7π2
36
)
ǫ
+
(
−93
8
+
49π2
72
− 25
9
ζ3
)
ǫ2 +O(ǫ3)
]
, (7.15)
with
Poles (G03(s134)) = −2I(1)gg,F (ǫ, s134) , (7.16)
Finite (G03(s134)) = −76 . (7.17)
7.2 Three-parton one-loop antenna functions
At one loop, the correction to the gluon-gluon-gluon antenna contains a leading colour
term F 13 (g1, g2, g3) and a quark loop term Fˆ
1
3 (g1, g2, g3). These read:
Poles (F 13 (g1, g2, g3)) = 2(I(1)gg (ǫ, s12) + I(1)gg (ǫ, s13) + I(1)gg (ǫ, s23)
−2 I(1)gg (ǫ, s123)
)
F 03 (1, 2, 3) , (7.18)
Finite (F 13 (1, 2, 3)) = −(R(y12, y13) +R(y13, y23) +R(y12, y23) + 116 log y12
+
11
6
log y13 +
11
6
log y23
)
F 03 (1, 2, 3)
+
1
3s12
+
1
3s13
+
1
3s23
+
1
3s123
, (7.19)
Poles
(
Fˆ 13 (g1, g2, g3)
)
= 2
(
I
(1)
gg,F (ǫ, s12) + I
(1)
gg,F (ǫ, s13) + I
(1)
gg,F (ǫ, s23)
−2 I(1)gg,F (ǫ, s123)
)
F 03 (1, 2, 3) , (7.20)
Finite
(
Fˆ 13 (g1, g2, g3)
)
=
1
3
[
(log y12 + log y13 + log y23)F
0
3 (1, 2, 3)
− 1
s12
− 1
s13
− 1
s23
− 1
s123
]
. (7.21)
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Integration of these antenna functions yields
F13 (s123) = (s123)−2ǫ
[
− 3
4ǫ4
− 33
4ǫ3
+
1
ǫ2
(
−85
3
+
15π2
8
)
+
1
ǫ
(
−9827
72
+
55π2
6
+ 44 ζ3
)
+
(
−90185
144
+
6005π2
144
+
506
3
ζ3 − 11π
4
480
)
+O(ǫ)
]
, (7.22)
Fˆ13 (s123) = (s123)−2ǫ
[
1
ǫ3
+
11
6ǫ2
+
1
ǫ
(
19
3
− 7π
2
12
)
+
(
499
24
− 77π
2
72
− 25
3
ζ3
)
+O(ǫ)
]
, (7.23)
with
Poles (F13 (s123)) = −F12 (s123)(6I(1)gg (ǫ, s123) +F03 (s123))+ 2b0ǫ (s123)−ǫ [3 I(1)gg (ǫ, s123)]
−3
2
H
(2)
V,F (ǫ, s123) + 3S
(2)(ǫ, s123) , (7.24)
Finite (F13 (s123)) = −146933144 + 1139π218 + 49π460 + 9023 ζ3 , (7.25)
Poles
(
Fˆ13 (s123)
)
= −Fˆ12 (s123)
(
6I(1)gg (ǫ, s123) +F03 (s123)
)
+
2b0,F
ǫ
(s123)
−ǫ
[
3 I(1)gg (ǫ, s123)
]
− 3
2
H
(2)
V,Fˆ
(ǫ, s123) , (7.26)
Finite
(
Fˆ13 (s123)
)
=
467
8
− 24ζ3 . (7.27)
The factors of 3 in front of the infrared singularity operators and of the soft gluon current
arise from the fact that the tree-level three-parton antenna function contains three antenna
configurations.
At one loop, the correction to the quark-quark-antiquark antenna contains a leading
colour and a subleading colour term G13(1g, 3q, 4q¯), G˜
1
3(1g, 3q, 4q¯) as well as a quark loop
term Gˆ13(1g, 3q, 4q¯). These read:
Poles (G13(1g, 3q, 4q¯)) = 2(I(1)qg (ǫ, s13) + I(1)qg (ǫ, s14)− 2 I(1)gg (ǫ, s134))G03(1, 3, 4),(7.28)
Finite (G13(1g, 3q, 4q¯)) = −(R(y13, y34) +R(y14, y34) + 53 log y13 + 53 log y14
+
13
6
log y34 − 40
9
)
G03(1, 3, 4) −
s13 + s14
2 s2134
, (7.29)
Poles
(
G˜13(1g, 3q, 4q¯)
)
= 2
(
I
(1)
qq¯ (ǫ, s34)
)
G03(1, 3, 4) , (7.30)
Finite
(
G˜13(1g, 3q, 4q¯)
)
= − (4 +R(y13, y14))G03(1, 3, 4) +
s13 + s14
2 s2134
, (7.31)
Poles
(
Gˆ13(1g, 3q, 4q¯)
)
= −4I(1)gg,F (ǫ, s134)G03(1, 3, 4) , (7.32)
Finite
(
Gˆ13(1g, 3q, 4q¯)
)
=
(
−10
9
+
2
3
log y34 +
1
6
log y13 +
1
6
log y14
)
G03(1, 3, 4). (7.33)
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Integration of these antenna functions yields
G13(s134) = (s134)−2ǫ
[
11
18ǫ2
+
1
ǫ
(
169
54
− π
2
9
)
+
(
446
27
− 205π
2
216
− 130
9
ζ3
)
+O(ǫ)
]
, (7.34)
G˜13(s134) = (s134)−2ǫ
[
1
6ǫ3
+
41
36ǫ2
+
1
ǫ
(
325
54
− π
2
4
)
+
(
18457
648
− 41π
2
24
− 37
9
ζ3
)
+O(ǫ)
]
, (7.35)
Gˆ13(s134) = (s134)−2ǫ
[
7
18ǫ
+
(
895
324
− 11π
2
108
)
+O(ǫ)
]
, (7.36)
with
Poles (G13(s134)) = −F12 (s134)(2I(1)gg,F (ǫ, s134) + G03(s134))
+
2b0
ǫ
(s134)
−ǫ I
(1)
gg,F (ǫ, s134)−
1
2
H
(2)
V,G(ǫ, s134) , (7.37)
Finite (G13(s134)) = 144527 − 337π2108 − 263 ζ3 , (7.38)
Poles
(
G˜13(s134)
)
= −1
2
H
(2)
V,G˜
(ǫ, s134) , (7.39)
Finite
(
G˜13(s134)
)
=
18457
648
− 697π
2
432
− 73
18
ζ3 , (7.40)
Poles
(
Gˆ13(s134)
)
= −Fˆ12 (s134)
(
2I
(1)
gg,F (ǫ, s134) + G03(s134)
)
+
2b0,F
ǫ
(s134)
−ǫ I
(1)
gg,F (ǫ, s134)−
1
2
H
(2)
V,Gˆ
(ǫ, s134) , (7.41)
Finite
(
Gˆ13(s134)
)
=
85
324
− 17π
2
108
. (7.42)
In contrast to the N2F one-loop three-parton quark-gluon antenna function Eˆ13 , which had
no corresponding tree-level four-parton antenna function with the same colour and flavour
structure, Gˆ13 is complemented by an antenna function containing two quark-antiquark
pairs, H04, which is derived below. Correspondingly, Gˆ13 does not contain the full N2F -terms
for gluon-gluon final states.
7.3 Four-parton tree-level antenna functions
The tree-level four-parton quark-gluon antenna contains three final states: gluon-gluon-
gluon-gluon, F 04 , and gluon-quark-antiquark-gluon at leading and subleading colour, G
0
4
and G˜04 and quark-antiquark-quark-antiquark, H
0
4 . The antenna for the gggg final state is:
F 04 (g1, g2, g3, g4) = f
0
4 (1, 2, 3, 4) + f
0
4 (4, 3, 2, 1) + f
0
4 (2, 3, 4, 1) + f
0
4 (1, 4, 3, 2)
+f04 (3, 4, 1, 2) + f
0
4 (2, 1, 4, 3) + f
0
4 (4, 1, 2, 3) + f
0
4 (3, 2, 1, 4) ,(7.43)
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f04 (1, 2, 3, 4) =
1
s21234
{
− 2s34s13s
2
14
s223s123s234
+
1
s223
[
2s12s14 − 2s12s24 + 2s12s34
+s212 − 2s13s14 − 2s13s24 − 2s13s34 − 2s14s24 + 2s14s34 + s214 + s234
]
+
s13
s223s123
[
4s13s14 + 4s13s24 + 4s13s34 − 8s14s34 − 2s214 − 4s24s34 − 4s234
]
+
s213
s223s
2
123
[
4s14s24 + 4s14s34 + 2s
2
14 + 4s24s34 + 2s
2
24 + 2s
2
34
]
+
1
4s23s12s34s14
[
2s13s
3
24 + 3s
2
13s
2
24 + 2s
3
13s24 + s
4
13 + s
4
24
]
+
1
s23s12s34
[
6s13s14s24 + 2s13s
2
14 + 6s13s
2
24 + 3s
2
13s14 + 6s
2
13s24 + 2s
3
13
+3s14s
2
24 + 2s
2
14s24 + s
3
14 + 2s
3
24
]
+
s24
s23s12s124
[
s24s34 + s
2
24 + 2s
2
34
]
+
1
s23s12s234s124
[
2s13s
3
34 + 3s
2
13s
2
34 + 2s
3
13s34 + s
4
13 + s
4
34
]
+
1
s23s12s234
[
2s13s14s34 + 2s13s
2
14 + 2s13s
2
34 + 3s
2
13s14 + 3s
2
13s34 + 2s
3
13
+2s14s
2
34 − s214s34 + s314
]
+
1
s23s12
[
20s13s14 + 14s13s24 + 9s
2
13 + 16s14s24
+4s14s34 + 19s
2
14 + 7s
2
24 − 10s234
]
+
s14
s23s123s234
[
− s13s14 − 4s13s34 − 4s213
+s14s34 − 4s214 − 4s234
]
+
1
s23s123s134
[
6s14s24s34 + 6s14s
2
24 + 6s
2
14s24 + s
3
14
+6s24s
2
34 + 9s
2
24s34 + 6s
3
24 + s
3
34
]
+
1
s23s123s124
[
− 3s14s24s34 − 3
2
s14s
2
24
−3
2
s14s
2
34 − s214s24 − s214s34 +
3
4
s314 − 3s24s234 − 3s224s34 − s324 − s334
]
+
1
4s23s123
[
− 7s13s14 + 18s13s24 − 16s13s34 − 11s213 − 41s14s24 − 36s14s34
−63s214 − 16s24s34 − 21s224 − 18s234
]
+
1
s23s134
[
7s12s14 + 2s12s24 + 8s12s34
−4s212 + 4s14s24 − 3s14s34 − s214 + 2s24s34 + 3s224 − 3s234
]
+
1
8s23
[
21s12 + 69s13 + 14s14 + 69s24 + 21s34
]
+
1
2s212s
2
34
[−2s13s14s23s24 + s213s224 + s214s223]
+
1
s12s34s123s234
[
4s14s
3
24 + 6s
2
14s
2
24 + 4s
3
14s24 + s
4
14 + s
4
24
]
+
1
s12s34s123s134
[
4s14s
3
24 + 6s
2
14s
2
24 + 4s
3
14s24 + s
4
14 + s
4
24
]
+
1
8s12s34s123
[
12s14s23s24 + 12s14s
2
23 − 12s14s224 − 6s214s23 − 18s214s24
– 53 –
−4s314 + 27s23s224 + 21s223s24 + 3s323 + 5s324
]
+
1
8s12s34s234
[
12s13s14s24
+18s13s
2
14 + 3s13s
2
24 + 12s
2
13s14 + 3s
2
13s24 + 3s
3
13 + 12s14s
2
24 + 18s
2
14s24
+12s314 + 3s
3
24
]
+
1
8s12s34
[
16s13s14 + 31s13s23 + 45s13s24 + 25s
2
13
−8s14s23 + 16s14s24 + 6s214 + 31s23s24 + 21s223 + 25s224
]
+
5
8s12s123s234
[
12s14s24s34 + 12s14s
2
24 + 4s14s
2
34 + 12s
2
14s24 + 6s
2
14s34
+4s314 + 4s24s
2
34 + 6s
2
24s34 + 4s
3
24 + s
3
34
]
+
5
8s12s123
[
4s14s23 − 8s14s24
−4s14s34 − 6s214 + 2s23s24 + s23s34 − s223 − 3s24s34 − 3s224 − s234
]
+
3
8s12s234
[
4s13s14 + 2s13s24 + s13s34 + s
2
13 + 8s14s24 + 4s14s34 + 6s
2
14
+3s24s34 + 3s
2
24 + s
2
34
]
+
3
8s12
[−s13 − 4s14 + s23 − 2s24 − s34]
+
3
8s34s123s234
[
− 4s13s14s24 − 6s13s214 − s13s224 − 4s213s14 − s213s24 − s313
−4s14s224 − 6s214s24 − 4s314 − s324
]
+
3
8s34s123
[
4s13s14 − s13s23 + s13s24
+s213 − 4s14s23 + 4s14s24 + 6s214 − s23s24 + s223 + s224
]
+
1
s24s123s134
[−2s14 + s24 − 2s34] + 1
s2123
[
2s14s24 + 2s14s34 + s
2
14
+2s24s34 + s
2
24 + s
2
34
]
+
1
8s123s234
[
− 12s13s14 − 6s13s24 − 3s13s34
−3s213 − 24s14s24 − 12s14s34 + 38s214 − 9s24s34 − 9s224 − 3s234
]
+
1
8s123
[−6s13 + 45s14 − 3s23 + 58s24 + 36s34] + 35
8
+O(ǫ)
}
. (7.44)
In F 04 , the gluonic emissions are colour-ordered. Since the original colour structure is a
trace over the gluon colour indices [47], F 04 is symmetric under cyclic interchanges of the
momenta. Therefore, each pair of adjacent momenta can act as hard emitter pair for the
antenna function. F 04 thus contains four different colour-ordered antennae. For numerical
implementation, these have to be separated from each other by repeated partial fractioning
of the associated invariants. This fractioning is not made explicit in the above expression
f04 .
The integral of this antenna function is
F04 (s1234) = 2 (s1234)−2ǫ
[
5
2ǫ4
+
121
12ǫ3
+
1
ǫ2
(
436
9
− 11π
2
3
)
+
1
ǫ
(
23455
108
− 1067π
2
72
− 379
6
ζ3
)
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+(
304951
324
− 7781π
2
108
− 2288
9
ζ3 +
479π4
720
)
+O(ǫ)
]
, (7.45)
with
Poles (F04 (s1234)) = 4 [2I(1)gg (ǫ, s1234)]2 − 4 e−ǫγ Γ(1− 2ǫ)Γ(1− ǫ)
(
b0
ǫ
+ k0
) [
2I(1)gg (2ǫ, s1234)
]
−2H(2)R,F (ǫ, s1234)− 4 S(2)V (ǫ, s1234) , (7.46)
Finite (F04 (s1234) = 271741162 − 2335π227 − 397π4360 − 26516 ζ3 . (7.47)
The leading colour and subleading colour gluon-quark-antiquark-gluon antennae are:
G04(1g, 3q, 4q¯, 2g) = g
0
4(1, 3, 4, 2) + g
0
4(2, 4, 3, 1) , (7.48)
G˜04(1g, 3q, 4q¯, 2g) = g˜
0
4(1, 3, 4, 2) + g˜
0
4(1, 4, 3, 2) + g˜
0
4(2, 3, 4, 1) + g˜
0
4(2, 4, 3, 1) , (7.49)
with
g04(1, 3, 4, 2) =
1
s21234
{
1
s212s
2
34
[
2s13s14s23s24 − s213s224 − s214s223
]
+
s23
s12s13s34
[
s223 + s
2
24
]
+
s23
s12s13s134
[
s223 − 2s24s34 + s224 + s234
]
+
s23
s12s13
[s14 + 2s24 − s34]
−s13
s12
+
1
s12s34s134
[
− 2s14s223 + 2s14s224 + 2s214s23 + 2s214s24 + s23s224
+s223s24 + s
3
23 + s
3
24
]
+
1
s12s34
[
2s13s14 + 4s13s23 + 3s13s24 + 2s
2
13
−s14s23 + 4s214
]
+
1
s12s134
[2s14s24 − 4s23s24 + s23s34 + s24s34]
+
s12
s34s134s234
[
2s12s14 + s
2
12 + 4s14s24 + 4s
2
14 + 4s
2
24
]
+
s12
s134s234
[6s14 + 6s24 + 3s34] +
2s212s14s24
s234s134s234
+
1
2s13s24
[s12s34 − s14s23]
+
s24
s13s34s234
[−2s12s24 + s212 + 2s224]+ 1s13s34
[
− 2s12s23 + 2s12s24
−s212 + 2s23s24 − 2s223 − 2s224
]
+
s34
s13s
2
134
[
− 2s12s23 − 2s12s24 − s212
−2s23s24 − s223 − s224
]
+
1
s13s134s234
[
6s12s24s34 + 4s12s
2
24 + 3s12s
2
34
−3s212s24 − 3s212s34 + s312 − 3s24s234 − 4s224s34 − 2s324 − s334
]
+
1
s13s134
[
8s12s23 − 4s12s24 − 4s12s34 + 4s212 − 2s23s34 + 6s223 + 2s224
+2s234
]
+
1
s13s234
[−4s12s24 − 2s12s34 + s212 + 3s24s34 + 4s224 + s234]
+
1
s13
[2s12 + 2s23 − 2s24 − 2s34] + s14
s234s134
[
− 4s12s14 + 8s12s24 + 2s212
−4s14s23 − 4s14s24 + 4s23s24 + 4s224
]
+
s214
s234s
2
134
[
− 4s12s23 − 4s12s24
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−2s212 − 4s23s24 − 2s223 − 2s224
]
+
1
s234
[
− 4s12s13 + 4s12s14 − s212
+4s13s23 − 2s13s24 − 2s213 + 2s14s23
]
+
1
s34s134
[
4s12s23 + 2s12s24 + 5s
2
12
−8s14s23 + 6s14s24 + 6s214 + 6s223 + 4s224
]
+
1
s34
[2s12 + 2s13 + 6s14]
+
1
s2134
[−2s12s23 − 2s12s24 − s212 − 2s23s24 − s223 − s224]
+
1
s134
[−4s12 + 4s14 − 4s23 − 2s24 + 3s34]− 7
2
+O(ǫ)
}
, (7.50)
g˜04(1, 3, 4, 2) =
1
s21234
{
s212 + 2s
2
23 + 2s12s23
s13s14
+
s12s24
2s13s23s134s234
[
s224 + s
2
12
]
+
s12
2s13s23s134
[
s24s34 − s224 − s234 − s212
]
+
1
2s13s24
[s12s34 − s14s23]
+
s34
s13s2134
[−2s12s23 − 2s12s24 − s212 − 2s23s24 − s223 − s224]
+
1
s13s134s234
[7
2
s12s24s34 +
1
2
s12s
2
24 +
5
2
s12s
2
34 − 3s212s34 +
1
2
s312 − 2s24s234
−2s224s34 − s334
]
+
1
s13s134
[
− 2s12s24 − 4s12s34 − s212 − 2s23s34 + s223
+2s24s34 − s224
]
+
1
s13s234
[
− 2s12s24 − 2s12s34 + s212 + 2s24s34
+2s224 + s
2
34
]
+
1
s13
[2s12 + 2s23 − 2s24] + 1
s2134
[
− 2s12s23 − 2s12s24
−s212 − 2s23s24 − s223 − s224
]
+
s12
s134s234
[−2s34 − s12]
+
1
s134
[−2s12 − s23 − s24 − s34]− 1
2
+O(ǫ)
}
. (7.51)
In the leading colour contribution G04, the gluonic emissions are colour-ordered in between
the quark-antiquark pair. However, like all gluon-gluon antenna functions at leading colour,
G04 is cyclic in the colour indices, such that it also contains a configuration where the two
gluons form the hard emitter pair, emitting the quark-antiquark pair inside the antenna.
As before, the different antenna configurations can be separated from each other for the
numerical integration by repeated partial fractioning of the invariants.
Integration yields
G04(s1234) =
1
2
(s1234)
−2ǫ
[
− 3
2ǫ3
− 155
18ǫ2
+
1
ǫ
(
−523
12
+
79π2
36
)
+
(
−16579
81
+
1385π2
108
+ 37ζ3
)
+O(ǫ)
]
, (7.52)
G˜04(s1234) = (s1234)−2ǫ
[
− 1
3ǫ3
− 41
18ǫ2
+
1
ǫ
(
−1327
108
+
π2
2
)
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+(
−4864
81
+
41π2
12
+
86
9
ζ3
)
+O(ǫ)
]
, (7.53)
with
Poles (G04(s1234)) = 2 [2I(1)gg (ǫ, s1234)] [2I(1)gg,F (ǫ, s1234)]
−e−ǫγ Γ(1− 2ǫ)
Γ(1− ǫ)
[(
b0,F
ǫ
+ k0,F
) [
2I(1)gg (2ǫ, s1234)
]
+
(
b0
ǫ
+ k0
) [
2I
(1)
gg,F (2ǫ, s1234)
] ]
− 1
2
H
(2)
R,G(ǫ, s1234) , (7.54)
Finite (G04(s1234)) = −16579162 + 155π248 + 64936 ζ3 , (7.55)
Poles
(
G˜04(s1234)
)
= −H(2)
R,G˜
(ǫ, s1234) , (7.56)
Finite
(
G˜04(s1234)
)
= −4864
81
+
697π2
216
+
85
9
ζ3 . (7.57)
The quark-antiquark-quark-antiquark antenna is
H04 (1q, 2q¯, 3q′ , 4q¯′) =
1
s21234
{
2
s212s
2
34
[s13s24 − s14s23]2 + 1
s12s34
[
− 2s13s24 + s213
−2s14s23 + s214 + s223 + s224
]
+ 2 +O(ǫ)
}
, (7.58)
where only different quark flavours need to be considered, since the identical flavour con-
tribution to this final state is finite.
The integral of this antenna term is
H04(s1234) = (s1234)−2ǫ
[
1
9ǫ2
+
7
9ǫ
+
(
677
162
− π
2
6
)]
, (7.59)
with
Poles (H04(s1234)) = 2 [2I(1)gg,F (ǫ, s1234)]2
−2e−ǫγ Γ(1− 2ǫ)
Γ(1− ǫ)
(
b0,F
ǫ
+ k0,F
) [
2I
(1)
gg,F (2ǫ, s1234)
]
−H(2)R,H(ǫ, s1234) , (7.60)
Finite (H04(s1234)) = 677162 + 11π236 . (7.61)
The contribution from identical quarks only to this final state is finite, and thus no gluon-
gluon antenna function is defined for two identical quark-antiquark pairs.
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8. Infrared limits of the antenna subtraction terms
The antenna subtraction terms defined in the three previous sections encapsulate all single
and double unresolved limits of tree-level QCD matrix elements and all single unresolved
limits of one-loop QCD matrix elements. In this section, we list the behaviour of all
tree-level three-parton and four-parton antenna functions. Using this information, it is
then possible to employ these antenna functions in the construction of complete infrared
subtraction functions for QCD matrix elements at NNLO.
8.1 Generalised collinear and soft factors
The factorisation properties of tree-level QCD squared matrix elements at NLO and NNLO
have been investigated in detail in [17–20, 38, 40]. At NLO, only a single particle can
become unresolved, either soft or collinear. In these limits, the (m + 1)-parton matrix
element factorises into a reduced m-parton matrix element times a soft eikonal factor or
a collinear splitting function. At NNLO, two particles can become unresolved in several
possible configurations: double soft, soft/collinear, double single collinear, triple collinear.
In each of these limits, the (m + 2)-parton matrix element factorises into a reduced m-
parton matrix element times a generalised double unresolved factor (double soft factor,
soft/collinear splitting function, double single collinear splitting function, triple collinear
splitting function). In the following, we list all generalised single and double unresolved
factors.
8.1.1 Single unresolved factors
When deriving limits of the three-parton antenna functions in single unresolved configura-
tions, we encounter well-known soft eikonal factors when a gluon is soft and three different
Altarelli-Parisi splitting functions when two partons are collinear. These are listed below.
When a soft gluon (b) is emitted between two hard partons (a and c), the eikonal factor
Sabc factorises off the squared matrix element:
Sabc ≡ 2sac
sabsbc
. (8.1)
When two partons become collinear, we have different splitting functions corresponding
to various final state configurations: a quark splits into a quark and a gluon (Pqg→Q), a
gluon splits into a quark-antiquark pair (Pqq¯→G) or a gluon splits into two gluons (Pgg→G).
These are given by:
Pqg→Q(z) =
(
1 + (1− z)2 − ǫz2
z
)
,
Pqq¯→G(z) =
(
z2 + (1− z)2 − ǫ
1− ǫ
)
,
Pgg→G(z) = 2
(
z
1− z +
1− z
z
+ z(1− z)
)
. (8.2)
In these equations, z is the momentum fraction of one of the collinear partons and the label
q appearing in these splitting function can stand for a quark or antiquark: Pqg→Q = Pq¯g→Q¯
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by charge conjugation. Q or G appearing in the collinear splitting functions denotes the
parent particle of the two collinear partons i and j. In the discussion below, the momentum
associated with this parent particle will be denoted by (ij).
8.1.2 Double unresolved factors
To describe the limiting behaviours of the four-parton antenna functions in double unre-
solved configurations, we require generalised soft and collinear factors. These were first
derived in [17–20], and are listed below. We follow largely the notation of [18].
1. Double soft factors
When two colour connected gluons (b) and (c) are simultaneously soft, the double
soft gluon function for four partons in the final state is given by
Sabcd(sad, sab, scd, sbc, sabc, sbcd) =
2s2ad
sabsbcdsabcscd
+
2sad
sbc
(
1
sabscd
+
1
sabsbcd
+
1
scdsabc
− 4
sabcsbcd
)
+
2(1− ǫ)
s2bc
(
sab
sabc
+
scd
sbcd
− 1
)2
.
(8.3)
Here a and d are the hard partons surrounding the soft pair.
In the case when two unconnected gluons become simultaneously soft the correspond-
ing double soft gluon factor is the product of two eikonal factors Sabc, given in (8.1).
For the emission of a soft quark-antiquark pair resulting from the splitting of an
intermediate gluon emitted itself from a primary pair of hard partons, the soft factor
takes the form,
Sab(cq, dq¯) =
2
s2cd (sac + sad)(sbc + sbd)
(sabscd − sacsbd − sbcsad)
+
2
s2cd
(
sacsad
(sac + sad)2
+
sbcsbd
(sbc + sbd)2
)
, (8.4)
with a and b the adjacent hard partons. Note that this formula is different from the
one that can be found in [19] for this limit, where the second line of the above formula
is absent.
2. Soft-collinear factors
When a gluon (a) is soft, partons (d,a,b,c) are colour connected and partons b and c
are collinear then the limiting behaviour of the squared matrix element is described
by the soft-collinear factor, which is subsequently multiplied with the appropriate
simple collinear splitting function
Sd;abc(z, sab, sbc, sabc, sad, sbd, scd) =
(sbd + scd)
sabsad
(
z +
sab + zsbc
sabc
)
. (8.5)
In here, z is always the collinear momentum fraction of parton b in the collinear pair
(bc), with b being colour-connected to the soft parton a.
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3. Triple collinear splitting functions
There are five different triple collinear splitting functions depending on the nature of
the partons which become collinear.
The colour-ordered triple collinear splitting function Pggg→G is given by
Pabc→G(w, x, y, sab, sbc, sabc) = 2×
{
+
(1− ǫ)
s2abs
2
abc
(xsabc − (1− y)sbc)2
(1− y)2 +
2(1 − ǫ)sbc
sabs
2
abc
+
3(1 − ǫ)
2s2abc
+
1
sabsabc
(
(1− y(1− y))2
yw(1 − w) − 2
x2 + xy + y2
1− y +
xw − x2y − 2
y(1− y) + 2ǫ
x
(1− y)
)
+
1
2sabsbc
(
3x2 − 2(2− w + w
2)(x2 + w(1− w))
y(1− y) +
1
yw
+
1
(1− y)(1− w)
)}
+ (sab ↔ sbc, w ↔ y) , (8.6)
with w, x and y being the momentum fractions carried by the collinear gluons a, b, c,
and with w = (1 − x − y). This splitting function is symmetric under the exchange
of the outer gluons (a and c), and contains poles only in sab and sbc.
P˜qg1g2→Q is the triple collinear splitting function obtained when quark q is collinear
to two gluons, g1 and g2, which are not colour connected, i.e. behave like photons [17].
It reads,
P˜qg1g2→Q(w, x, y, sqg1 , sqg2, sqg1g2) =
+
1
2sqg1sqg2
w
xy
(
1 + w2 − ǫ(x2 + xy + y2)− ǫ2xy)
+
1
sqg1sqg1g2
1
xy
(
w(1− x+ ǫ2xy) + (1− y)3 − ǫ(1− y)(x2 + xy + y2) + ǫ2xy)
− (1− ǫ)
s2qg1g2
(
(1− ǫ)sqg1
sqg2
− ǫ
)
+ (sqg1 ↔ sqg2, x↔ y), (8.7)
with x,y and w the momentum fractions carried by the collinear particles and with
w = (1− x− y). For the case when the two gluons are instead colour connected, the
colour-ordered splitting function reads,
Pqg1g2→Q(w, x, y, sqg1 , sqg2, sg1g2 , sqg1g2) =
+
1
sqg1sg1g2
(
(1− ǫ)
(
1 + w2
y
+
1 + (1− y)2
(1− w)
)
+ 2ǫ
(
w
y
+
1− y
1− w
))
+
1
sqg1sqg1g2
(
(1− ǫ)
(
(1− y)3 + w(1 − x)− 2y
y(1− w)
)
−ǫ
(
2(1− y)(y − w)
y(1− w) − x
)
− ǫ2x
)
+
1
sg1g2sqg1g2
(
(1− ǫ)
(
(1− y)2(2− y) + x3 + 2xw − 2− y
y(1− w)
)
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+2ǫ
(xw − y − 2yw)
y(1− w)
)
+ (1− ǫ)
(
2 (xsqg1g2 − (1− w)sqg1)2
s2g1g2s
2
qg1g2(1− w)2
+
1
s2qg1g2
(
4
sqg1
sg1g2
+ (1− ǫ)sg1g2
sqg1
+ (3− ǫ)
))
. (8.8)
Similarly the clustering of a gluon with a quark-antiquark pair into a parent gluon
again has two distinct functions depending on whether the final state is colour-ordered
or not, In the colour connected case, the gluon is emitted outside the quark-antiquark
pair, and one obtains the colour-ordered splitting function,
Pgq¯q→G(w, x, y, sgq¯, sq¯q, sgq¯q) =
− 1
s2gq¯q
(
4
sgq¯
sq¯q
+ (1− ǫ)sq¯q
sgq¯
+ (3− ǫ)
)
− 2 (xsgq¯q − (1− w)sgq¯)
2
s2q¯qs
2
gq¯q(1− w)2
+
1
sgq¯sgq¯q
(
(1− y)
w(1 − w) − y − 2w − ǫ−
2x(1− y)(y −w)
(1− ǫ)w(1 − w)
)
+
1
sgq¯sq¯q
(
x
(
(1− w)3 −w3)
w(1− w) −
2x2 (1− yw − (1− y)(1 − w))
(1− ǫ)w(1− w)
)
+
1
sq¯qsgq¯q
(
(1 + w3 + 4xw)
w(1 − w) +
2x (w(x− y)− y(1 +w))
(1− ǫ)w(1 − w)
)
, (8.9)
while in the case where the gluon is emitted between the quark-antiquark pair, which
is subleading in colour, one obtains a QED-like splitting function,
P˜qgq¯→G(w, x, y, sqg, sgq¯, sq¯q, sqgq¯) =
− 1
s2qgq¯
(
(1− ǫ)sqq¯
sqg
+ 1
)
+
1
sgq¯sqg
(
(1 + x2)− x+ 2wy
1− ǫ
)
− 1
sqgsqgq¯
(
1 + 2x+ ǫ− 2(1 − y)
(1− ǫ)
)
+ (sqg ↔ sgq¯, w ↔ y). (8.10)
Lastly, the clustering of a quark-antiquark pair (q′q¯′) and a quark (q) to form a parent
quark Q with the same flavour as q. The splitting function depends upon whether or
not the quarks are of identical flavour,
Pqq′q′→Q = P
non−ident.
qq′q′→Q
− δqq′
N
P ident.qq′q′→Q, (8.11)
where δqq′ = 1 for identical flavour quarks. If quarks q1, q
′
3 and q
′
4 are clustered to
form Q,
P non−ident.
qq′q′→Q
(w, x, y, sqq′ , sq′q′ , sqq′q′) =
− 1
s2
qq′q′
(
(1− ǫ) + 2sqq′
sq′q′
)
− 2
(
xsqq′q′ − (1− w)sqq′
)2
s2
q′q′
s2
qq′q′
(1− w)2
+
1
sq′q′sqq′q′
(
1 + x2 + (x+ w)2
(1− w) − ǫ(1− w)
)
. (8.12)
– 61 –
When the flavours of the clustering quarks are the same, there is an additional contri-
bution coming from the interference terms of the four-quark matrix elements, which
reads
P ident.qq′q′→Q(w, x, y, sqq′ , sqq′ , sqq′q′) =
− (1− ǫ)
s2
qq′q′
(
2sqq′
sq′q′
+ 2 + ǫ
)
− 1
2sqq′sq′q′
(
x(1 + x2)
(1− y)(1 −w) − ǫx
(
2(1 − y)
(1− w) + 1 + ǫ
))
+
1
sq′q′sqq′q′
(
1 + x2
(1− y) +
2x
(1− w) − ǫ
(
(1− w)2
(1− y) + (1 + x) +
2x
(1− w) + ǫ(1−w)
))
+ (sqq′ ↔ sq′q′ , y ↔ w). (8.13)
This identical flavour splitting function contains poles when q′ clusters with both q′
and q. It is symmetric under q1 ↔ q′3.
4. Double collinear splitting functions
If two distinct pairs of partons become simultaneously collinear, the (m+ 2)-parton
squared matrix element factorises into the product of two simple collinear splitting
functions (8.2) with the m-parton squared matrix element.
8.2 Quark-antiquark antennae
The three-parton and four-parton quark-antiquark antenna functions were derived in Sec-
tion 5 from the real radiation corrections to γ∗ → qq¯. Their behaviour in all limits where
one or two partons become unresolved are described below.
8.2.1 Three-parton antenna functions
We have only one three-parton quark-antiquark antenna function: A03(1q, 3g, 2q¯), which has
the following limits:
1. Soft limit:
A03(1, 3, 2)
3g→0−→ S132 . (8.14)
2. Collinear limit:
A03(1, 3, 2)
1q‖3g−→ 1
s13
Pqg→Q(z). (8.15)
where the momenta of the quark (1q) and the antiquark (2q¯) can be interchanged.
8.2.2 Four-parton antenna functions
The NNLO real radiation corrections to γ∗ → qq¯ yield four different four-parton quark-
antiquark antenna functions: the leading and subleading colour quark-antiquark-gluon-
gluon antennae A04(1q, 3g, 4g, 2q¯), A˜
0
4(1q, 3g, 4g, 2q¯), as well as the antennae with two quark-
antiquark pairs of different and identical flavour B04(1q, 3q′ , 4q¯′ , 2q¯) and C
0
4 (1q, 3q, 4q¯, 2q¯).
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Their single and double unresolved limits are described in the following. We shall always
restrict ourselves to the non-vanishing limits only.
In A04(1, 3, 4, 2), the colour-ordering of the gluonic emissions ensures that only neigh-
bouring partons can form singular configurations. While singularities are present in 1/s13
and 1/s24, no singularities in 1/s14 and 1/s23 appear.
For this colour-ordered antenna function, we find the following non-vanishing double
unresolved limits:
1. Double soft and soft-collinear limits:
A04(1, 3, 4, 2)
3g→0,4g→0−→ S1342 ,
A04(1, 3, 4, 2)
3g→0,4g‖2q¯−→ S1;342(z) 1
s24
Pqg→Q(z) ,
A04(1, 3, 4, 2)
4g→0,3g‖1q−→ S2;431(z) 1
s13
Pqg→Q(z) . (8.16)
2. Triple collinear limits
A04(1, 3, 4, 2)
1q‖3g‖4g−→ P134→Q(w, z, y) , (8.17)
with quark (1q) and antiquark (2q¯) being interchangeable.
3. Double collinear limits:
A04(1, 3, 4, 2)
1q‖3g ,2q¯‖g4−→ 1
s13
Pqg→Q(z)
1
s24
Pq¯g→Q¯(y) . (8.18)
We find the following non-vanishing single unresolved limits:
1. Soft limits:
A04(1, i, j, 2)
ig→0−→ S1ij A03(1, j, 2) ,
A04(1, i, j, 2)
jg→0−→ Sij2 A03(1, i, 2) . (8.19)
2. Collinear limits (quark-gluon):
A04(1, 3, 4, 2)
1q‖3g−→ 1
s13
Pqg→Q(z) A
0
3((13), 4, 2) ,
A04(1, 3, 4, 2)
2q¯‖4g−→ 1
s24
Pqg→Q(z) A
0
3(1, 3, (24)) , (8.20)
where the parent parton of the collinear partons (1) and (3) (or (2) and (4)) is denoted
(13) (or (24)) in the three-parton antenna function A03.
3. Collinear limit (gluon-gluon):
A04(1, 3, 4, 2)
3g‖4g−→ 1
s34
Pgg→G(z) A
0
3(1, (34), 2) + ang. , (8.21)
where (ang.) means that angular terms are also present here. These do however
cancel after integration over the unresolved phase space. A detailed discussion of
these angular terms can be found in Section 8.5 below.
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The limits of the other colour-ordered subtraction term, A04(1, 4, 3, 2), can be inferred
from the limits of A04(1, 3, 4, 2) listed above by interchanging the momenta of the two final
state gluons (3g) and (4g).
The subleading colour contribution A˜04(1, 3, 4, 2) is not colour-ordered, and therefore
symmetric under the interchange of the two gluon momenta 3 and 4. We find the following
non-vanishing double unresolved limits:
1. Double soft and soft-collinear limits:
A˜04(1, 3, 4, 2)
3g→0,4g→0−→ S132S142 ,
A˜04(1, i, j, 2)
gi→0,gj‖q2−→ S˜1;ij2(z) 1
sj2
Pqg→Q(z) , (8.22)
with i,j standing each for one of the two intermediate gluons. Quark (1q) and anti-
quark (2q¯) are interchangeable.
2. Triple collinear limits:
A˜04(1, 3, 4, 2)
1q‖3g‖4g−→ P˜134→Q(w, x, y) , (8.23)
with quark (1q) and antiquark (2q¯) being interchangeable.
3. Double collinear limits:
A˜04(1, i, j, 2)
1q‖ig,2q¯‖jg−→ 1
s1i
Pqg→Q(z)
1
s2j
Pq¯g→Q¯(y) , (8.24)
with i and j each standing for one of the two gluons (3g) or (4g); quark (1q) and
antiquark (2q¯) can also be exchanged.
The non-vanishing single unresolved limits are:
1. Soft limits:
A˜04(1, i, j, 2)
ig→0−→ S1i2 A03(1, j, 2) , (8.25)
where i and j represent the two gluons (3g) and (4g).
2. Collinear limits:
A˜04(1, i, j, 2)
1q‖ig−→ 1
s1i
Pqg→Q(z) A
0
3((1i), j, 2) . (8.26)
Again, (1q) and (2q¯) can be interchanged and i can stand for one of the two gluons (3g) or
(4g).
For the antenna function containing two quark-antiquark pairs of non-identical flavours,
B04(1q, 3q′ , 4q¯′ , 2q¯), we find the following double unresolved limits:
1. Double soft limit:
B04(1, 3, 4, 2)
3q′→0,4q¯′→0−→ S12(3, 4) . (8.27)
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2. Triple collinear limit:
B04(1, 3, 4, 2)
1q‖3q′‖4q¯′−→ P non−ident.143→Q (x, y) . (8.28)
The quark (1q) and antiquark (2q¯) momenta can be interchanged.
B04(1, 3, 4, 2) contains only one single unresolved limit (3q ‖ 4q¯):
B04(1, 3, 4, 2)
3q′‖4q¯′−→ 1
s34
Pqq¯→G(z) A
0
3(1, (34), 2) + ang. , (8.29)
where (ang.) means that angular terms are also obtained here.
Finally we consider the identical-flavour-only antenna function denoted by C04 (1q, 3q, 4q¯, 2q¯).
This function is proportional has only one non-vanishing double unresolved limit: triple
collinear (2q¯ ‖ 4q¯ ‖ 3q),
C04 (1, 3, 4, 2)
2q¯‖3q‖4q¯−→ 1
2
P ident.234→Q¯(w, x, y). (8.30)
This antenna function has no further non-vanishing (double or single unresolved) limits,
although terms in 1/s24 and 1/s34 are present in the function. In the respective limits, the
coefficients of these terms vanish.
8.3 Quark-gluon antennae
The quark-gluon antenna functions were derived in Section 6 above. We describe their
behaviour in all single and double unresolved limits in the following. Again, we will only
list the non-vanishing contributions. In all these functions, the quark (1q) can also represent
an antiquark.
8.3.1 Three-parton antenna functions
The tree-level three-parton quark-gluon antenna functions represent two final states: quark-
gluon-gluon (D03(1q, 3g, 4g)) and quark-quark-antiquark (E
0
3(1q, 3q′ , 4q¯′)).
The tree-level antenna functionD03(1q, 3g, 4g) contains two colour orderings correspond-
ing to the following configurations: gluon (3g) radiated between quark (1q) and gluon (4g)
denoted by d03(1, 3, 4) and gluon (3g) radiated between quark (1q) and gluon (4g) denoted
by d03(1, 4, 3), such that
D03(1, 3, 4) = d
0
3(1, 3, 4) + d
0
3(1, 4, 3) .
The separation between these is not free from an ambiguity. It is constructed in such a way
that the collinear limit of the two gluons has to be split between the two configurations.
The decomposition used here is stated in (6.13).
The simple unresolved limits of D03(1, 3, 4) and d
0
3(1, 3, 4) are stated below. For the
sake of clarity, we also list some non-trivial vanishing limits:
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1. Soft limits:
D03(1, i, j)
ig→0−→ S1ij ,
D03(1, i, j)
jg→0−→ S1ji ,
d03(1, i, j)
ig→0−→ S1ij ,
d03(1, i, j)
jg→0−→ 0 . (8.31)
2. Collinear limits:
D03(1, 3, 4)
3g‖4g−→ 1
s34
Pgg→G(z) ,
d03(1, 3, 4)
3g‖4g−→ 1
s34
(
Pgg→G(z)− 2z
1− z − z(1 − z)
)
,
d03(1, 4, 3)
3g‖4g−→ 1
s34
(
Pgg→G(z)− 2(1 − z)
z
− z(1 − z)
)
,
D03(1, i, j)
1q‖ig−→ 1
s1i
Pqg→Q(z) ,
D03(1, i, j)
1q‖jg−→ 1
s1j
Pqg→Q(z) ,
d03(1, i, j)
1q‖ig−→ 1
s1i
Pqg→Q(z) ,
d03(1, i, j)
1q‖jg−→ 0 . (8.32)
The antenna function E03(1q, 3q′ , 4q¯′) has only one singular behaviour, when the quark-
antiquark pair becomes collinear:
E03(1, 3, 4)
3q′‖4q¯′−→ 1
s34
Pqq¯→G(z) . (8.33)
8.3.2 Four-parton antenna functions
The NNLO real radiation corrections to χ˜ → g˜g yield three different four-parton quark-
gluon antenna functions: the quark-gluon-gluon-gluon antenna contains only a leading
colour (colour-ordered) term D04(1q, 3g, 4g, 5g), while the quark-quark-antiquark-gluon an-
tennae have leading colour and subleading colour contributions E04(1q, 3q′ , 4q¯′ , 5g) and
E˜04(1q, 3q′ , 4q¯′ , 5g). By construction, no identical-flavour contribution appears. The non-
vanishing single and double unresolved limits of these antenna functions are described in
the following. As before, some of the single unresolved limits also contain angular terms,
which will be discussed in more detail in Section 8.5 below.
The colour-ordered quark-gluon-gluon-gluon antenna function D04(1q, 3g, 4g, 5g) con-
tains several different antenna configurations: due to the cyclic nature of the colour indices
of the χ˜→ g˜ggg matrix element [46], each pair of two neighbouring partons can represent
the two hard partons forming the antenna. This behaviour is in contrast to the quark-
antiquark antennae described in the previous subsection, where the colour-ordering en-
sures that the primary quark-antiquark pair always forms the hard partons. Consequently,
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D04 contains considerably more double and single unresolved limits than the four-parton
quark-antiquark antenna functions studied above.
For the double unresolved limits we find:
1. Double soft and soft-collinear limits:
D04(1, 3, 4, 5)
3g→0,4g→0−→ S1345 ,
D04(1, 3, 4, 5)
4g→0,5g→0−→ S1543 ,
D04(1, 3, 4, 5)
3g→0,5g→0−→ S134 S154 , (8.34)
D04(1, 3, 4, 5)
1q‖5g ,3g→0−→ S4;315(z) 1
s15
Pqg→Q(1− z) ,
D04(1, 3, 4, 5)
4g‖5g ,3g→0−→ S1;345(z) 1
s45
Pgg→G(z) ,
D04(1, 3, 4, 5)
1q‖3g ,4g→0−→ S5;431(z) 1
s13
Pqg→Q(z) ,
D04(1, 3, 4, 5)
1q‖5g ,4g→0−→ S3;451(z) 1
s15
Pqg→Q(z) ,
D04(1, 3, 4, 5)
1q‖3g ,5g→0−→ S4;513(z) 1
s13
Pqg→Q(1− z) ,
D04(1, 3, 4, 5)
3g‖4g ,5g→0−→ S1;543(z) 1
s34
Pgg→G(z) . (8.35)
2. Triple collinear limits:
D04(1, 3, 4, 5)
1q‖3g‖4g−→ P134→Q(w, x, y) ,
D04(1, 3, 4, 5)
1q‖5g‖4g−→ P154→Q(w, x, y) ,
D04(1, 3, 4, 5)
1q‖3g‖5g−→ P˜135→Q(w, x, y) ,
D04(1, 3, 4, 5)
3g‖4g‖5g−→ P345→G(w, x, y) . (8.36)
In these, the presence of the triple collinear limit (1q ‖ 3g ‖ 5g) is particularly
noteworthy. This limit appears due to the cyclic nature of the D04 antenna function.
In contrast to the other two triple collinear limits involving (1q), where the leading
colour triple collinear splitting function P1ij→Q appears, this limit is controlled by the
subleading colour splitting function P˜135→Q, since the gluons (3g) and (5g) are not
directly colour-connected. Applying D04 as antenna subtraction term to a physical
multi-parton matrix element, special care has to be taken about this particular limit,
which is a priori oversubtracted.
3. Double collinear limits:
D04(1, 3, 4, 5)
1q‖3g,4g‖5g−→ 1
s13s45
Pqg→Q(z) Pgg→G(y) ,
D04(1, 3, 4, 5)
1q‖5g,3g‖4g−→ 1
s15s34
Pqg→Q(z) Pgg→G(y) . (8.37)
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For the single unresolved limits we obtain:
1. Soft limits:
D04(1, 3, 4, 5)
3g→0−→ S134 D03(1, 4, 5) ,
D04(1, 3, 4, 5)
4g→0−→ S345 D03(1, 3, 5) ,
D04(1, 3, 4, 5)
5g→0−→ S154 D03(1, 3, 4) . (8.38)
2. Collinear limits
D04(1, 3, 4, 5)
1q‖3g−→ 1
s13
Pqg→Q(z) D
0
3((13), 4, 5) ,
D04(1, 3, 4, 5)
1q‖5g−→ 1
s15
Pqg→Q(z) D
0
3((15), 3, 4) ,
D04(1, 3, 4, 5)
3g‖4g−→ 1
s34
Pgg→G(z) D
0
3((1, (34), 5) + ang. ,
D04(1, 3, 4, 5)
4g‖5g−→ 1
s45
Pgg→G(z) D
0
3((1, 3, (45)) + ang. . (8.39)
The leading colour quark-quark-antiquark-gluon antenna function E04(1q, 3q′ , 4q¯′ , 5g)
is colour-ordered: the gluon 5g is emitted only between the primary quark (1q) and the
secondary antiquark (4q¯′). The second colour-ordering E
0
4(1q, 4q¯′ , 3q′ , 5g) is obtained by
exchanging the secondary quark and antiquark momenta.
For the double unresolved limits of this antenna function we find:
1. Double soft and soft-collinear limits:
E04(1, 3, 4, 5)
3q′→0,4q¯′→0−→ S15(3, 4) , (8.40)
E04(1, 3, 4, 5)
3q′‖4q¯′ ,5g→0−→ S1;543(z) 1
s34
Pqq¯→G(z) . (8.41)
2. Triple collinear limits:
E04(1, 3, 4, 5)
1q‖3q′‖4q¯′−→ P non−ident.134→Q (w, x, y) ,
E04(1, 3, 4, 5)
3q′‖4q¯′‖5g−→ P543→G(w, x, y) . (8.42)
3. Double collinear limit:
E04(1, 3, 4, 5)
1q‖5g ,3q′‖4q¯′−→ 1
s34s15
Pqg→Q(z) Pqq¯→G(y) . (8.43)
For the single unresolved limits we obtain:
1. Soft limit:
E04(1, 3, 4, 5)
5g→0−→ S154 E03(1, 3, 4) , (8.44)
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2. Collinear limits:
E04(1, 3, 4, 5)
3q′‖4q¯′−→ 1
s34
Pqq¯→G(z) D
0
3(1, (34), 5) + ang. ,
E04(1, 3, 4, 5)
4q¯′‖5g−→ 1
s45
Pqg→Q(z) E
0
3(1, 3, (45)) ,
E04(1, 3, 4, 5)
1q‖5g−→ 1
s15
Pqg→Q(z) E
0
3((15), 3, 4) . (8.45)
In the subleading colour antenna E˜04(1q, 3q′ , 4q¯′ , 5g) the gluon (5g) is radiated between
the secondary quark-antiquark pair(3q′ , 4q¯′). As a consequence, no singular structure in-
volves the primary quark (1q), thus limiting the number of singular configurations con-
tained in this antenna. It contains only one double unresolved configuration, triple collinear
(3q′ ‖ 4q¯′ ‖ 5g):
E˜04(1, 3, 4, 5)
3q′‖4q¯′‖5g−→ P˜534→G(w, x, y). (8.46)
The single unresolved limits always involve the gluon (5g). They read:
1. Soft limit:
E˜04(1, 3, 4, 5)
g5→0−→ S354 E03(1, 3, 4) . (8.47)
2. Collinear limits:
E˜04(1, i, j, 5)
i‖g5−→ 1si5 Pqg→Q(z) E03(1, (i5), j) , (8.48)
where i and j can both play the role of the quark (3q′) or the antiquark (4q¯′).
8.4 Gluon-gluon antennae
The gluon-gluon antenna functions were derived in Section 7 above. Their behaviour in
all single and double unresolved limits is summarised in the following, where only the
non-vanishing contributions are given.
8.4.1 Three-parton antenna functions
There are two tree-level three-parton gluon-gluon antenna functions: gluon-gluon-gluon
F 03 (1g, 2g, 3g) and gluon-quark-antiquark G
0
3(1g, 3q, 4q¯).
The tree-level antenna function F 03 (1g, 2g, 3g) contains three antenna configurations
since each pair of gluons can represent the hard partons, emitting the remaining third
gluon. Each of these configurations is denoted by f03 (i, j, k):
F 03 (1, 2, 3) = f
0
3 (1, 2, 3) + f
0
3 (1, 3, 2) + f
0
3 (2, 1, 3) .
As with the quark-gluon-gluon antenna function, this decomposition into antenna config-
urations is not unambiguous, the decomposition used here is stated in (7.13).
The simple unresolved limits of F 03 (1, 2, 3) and f
0
3 (1, 2, 3) are:
– 69 –
1. Soft limits:
F 03 (1, 2, 3)
1g→0−→ S213 ,
F 03 (1, 2, 3)
2g→0−→ S123 ,
F 03 (1, 2, 3)
3g→0−→ S132 ,
f03 (1, 2, 3)
2g→0−→ S123 ,
f03 (1, 2, 3)
1g→0−→ 0 ,
f03 (1, 2, 3)
3g→0−→ 0 , (8.49)
where we also include the non-trivial vanishing limits for clarity.
2. Collinear limits:
F 03 (1, 2, 3)
1g‖1g−→ 1
s12
Pgg→G(z) ,
F 03 (1, 2, 3)
1g‖2g−→ 1
s13
Pgg→G(z) ,
F 03 (1, 2, 3)
2g‖3g−→ 1
s23
Pgg→G(z) ,
f03 (1, 2, 3)
1g‖2g−→ 1
s12
(
Pgg→G(z)− 2z
1− z − z(1− z)
)
,
f03 (1, 2, 3)
2g‖3g−→ 1
s23
(
Pgg→G(z)− 2(1− z)
z
− z(1− z)
)
,
f03 (1, 2, 3)
1g‖3g−→ 0 . (8.50)
The gluon-quark-antiquark antenna function has only one unresolved configuration: if
quark and antiquark are collinear. In this case,
G03(1, 3, 4)
3q‖4q¯−→ 1
s34
Pqq¯→G(z). (8.51)
8.4.2 Four-parton antenna functions
The NNLO real radiation corrections to H → gg yield four different four-parton gluon-
gluon antenna functions: the gluon-gluon-gluon-gluon antenna contains only a leading
colour (colour-ordered) term F 04 (1g, 2g, 3g, 4g), while the gluon-quark-antiquark-gluon an-
tennae contain both leading colour and subleading colour contributions G04(1g, 3q, 4q¯, 2g)
and G˜04(1g, 3q, 4q¯, 2g). Finally, there is also a quark-antiquark-quark-antiquark antenna
function H04 (1q, 2q¯, 3q′ , 4q¯′), where the quarks are of different flavour. Angular terms are
indicated where appropriate and will be discussed in detail in Section 8.5 below.
Like already observed in the quark-gluon case, the colour-ordered gluon-gluon-gluon-
gluon antenna function F 04 (1g, 2g, 3g, 4g) contains several different antenna configurations:
due to the cyclic nature of the colour indices of theH → gggg matrix element [47], each pair
of two neighbouring partons can represent the two hard partons forming the antenna. In the
following, the set (ijkl) represents any of the ordered permutations (1234, 2341, 3412, 4123).
The double unresolved limits are:
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1. Double soft and soft-collinear limits:
F 04 (1, 2, 3, 4)
jg→0,kg→0−→ Sijkl ,
F 04 (1, 2, 3, 4)
jg→0,lg→0−→ Sijk Skli , (8.52)
F 04 (1, 2, 3, 4)
ig‖jg,kg→0−→ Sl;kji(z) 1
sij
Pgg→G(z) ,
F 04 (1, 2, 3, 4)
ig‖jg,lg→0−→ Sk;lij(z) 1
sij
Pgg→G(z) . (8.53)
2. Triple collinear limits:
F 04 (1, 2, 3, 4)
ig‖jg‖kg−→ Pijk→G(w, x, y) . (8.54)
3. Double collinear limits:
F 04 (1, 2, 3, 4)
ig‖jg,kg‖lg−→ 1
sijskl
Pgg→G(z) Pgg→G(y) . (8.55)
In the single unresolved limits we have:
1. Soft limits:
F 04 (1, 2, 3, 4)
jg→0−→ Sijk F 03 (i, k, l) . (8.56)
2. Collinear limits:
F 04 (1, 2, 3, 4)
ig‖jg−→ 1
sij
Pgg→G(z) F
0
3 ((ij), k, l) + ang. . (8.57)
The leading colour gluon-gluon-quark-antiquark antenna function G04(1g, 3q, 4q¯, 2g) is
colour-ordered: the gluon (1g) is emitted between gluon (2g) and the quark (3q), while
(again due to the cyclic nature of the colour indices) gluon (2g) is emitted between gluon
(1g) and the antiquark (4q¯). The second colour-ordering G
0
4(1g, 4q¯, 3q, 2g) is obtained by
exchanging the quark and antiquark momenta.
The double unresolved limits of this antenna function are:
1. Double soft and soft-collinear limits:
G04(1, 3, 4, 2)
3q→0,4q¯→0−→ S12(3, 4) , (8.58)
G04(1, 3, 4, 2)
3q‖4q¯ ,2g→0−→ S1;243(z) 1
s34
Pqq¯→G(z) ,
G04(1, 2, 3, 4)
3q‖4q¯ ,1g→0−→ S2;134(z) 1
s34
Pqq¯→G(z) . (8.59)
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2. Triple collinear limits:
G04(1, 3, 4, 2)
1g‖3q‖4q¯−→ P134→G(w, x, y) ,
G04(1, 3, 4, 2)
2g‖3q‖4q¯−→ P243→G(w, x, y) . (8.60)
3. Double collinear limit:
G04(1, 3, 4, 2)
1g‖2g ,3q‖4q¯−→ 1
s12s34
Pgg→G(z) Pqq¯→G(y) . (8.61)
For the single unresolved limits we have:
1. Soft limits:
G04(1, 3, 4, 2)
1g→0−→ S213 G03(2, 3, 4) ,
G04(1, 3, 4, 2)
2g→0−→ S124 G03(1, 3, 4) . (8.62)
2. Collinear limits:
G04(1, 3, 4, 2)
1g‖2g−→ 1
s12
Pgg→G(z) G
0
3((12), 3, 4) + ang. ,
G04(1, 3, 4, 2)
3q‖4q¯−→ 1
s34
Pqq¯→G(z) F
0
3 (1, (34), 2) + ang. ,
G04(1, 3, 4, 2)
1g‖3q−→ 1
s13
Pqg→Q(z) G
0
3(2, (13), 4) ,
G04(1, 3, 4, 2)
4q¯‖2g−→ 1
s24
Pqg→Q(z) G
0
3(1, 3, (24)) . (8.63)
In the subleading colour antenna G˜04(1q, 3q, 4q¯, 2g) one of the gluons is radiated between
the quark-antiquark pair(3q, 4q¯), while the other is outside the quark-antiquark system. As
a consequence, no singular structure involves both gluons at once.
This antenna function contains only one type of double unresolved configuration, the
triple collinear limit:
G˜04(1, 3, 4, 2)
1g‖3q‖4q¯−→ P˜314→G(w, x, y) ,
G˜04(1, 3, 4, 2)
2g‖3q‖4q¯−→ P˜324→G(w, x, y). (8.64)
The single unresolved limits always involve one of the gluons. They read:
1. Soft limits:
G˜04(1, 3, 4, 2)
g1→0−→ S314 G03(2, 3, 4) ,
G˜04(1, 3, 4, 2)
g2→0−→ S324 G03(1, 3, 4) . (8.65)
2. Collinear limits:
G˜04(1, i, j, 2)
i‖g1−→ 1s1i Pqg→Q(z) G03(2, (i1), j) ,
G˜04(1, i, j, 2)
i‖g2−→ 1s2i Pqg→Q(z) G03(1, (i2), j) , (8.66)
where i and j can both play the role of the quark or the antiquark.
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The antenna function containing two quark-antiquark pairs of non-identical flavours,
H04 (1q, 2q¯, 3q′ , 4q¯′) contains only one double unresolved limit, the double single collinear
configuration:
H04 (1, 2, 3, 4)
1q‖2q¯ ,3q′‖4q¯′−→ 1
s12s34
Pqq¯→G(z) Pqq¯→G(y) . (8.67)
The two single collinear limits are:
H04 (1, 2, 3, 4)
1q‖2q¯−→ 1
s12
Pqq¯→G(z) G
0
3((12), 3, 4) + ang. ,
H04 (1, 2, 3, 4)
3q′‖4q¯′−→ 1
s34
Pqq¯→G(z) G
0
3(1, 2, (34)) + ang. . (8.68)
8.5 Angular terms
Angular terms manifest themselves in collinear limits of antenna functions and matrix
elements when a final state gluon splits into a quark-antiquark pair or into two gluons.
Several examples were listed in Section 8. To obtain local subtraction terms (i.e. subtraction
terms which approach the full multi-parton matrix element in its unresolved limits before
any integrations are carried out), it is necessary to take proper account of these angular
terms. In this section, we illustrate an algorithmic procedure to reconstruct the angular
terms appearing in the simple collinear limits of four-parton antenna functions. The same
procedure can be generalised in principle to reconstruct angular terms appearing in the
single and double unresolved limits of multi-parton matrix elements. First steps in this
direction were performed in [29].
In the collinear limits arising from gluon splitting, the four-parton antenna functions
do not yield the unpolarised splitting functions (8.2) multiplied by a spin-averaged three-
parton antenna function. Instead, one finds that the four-parton antenna functions factorise
into the corresponding spin-dependent tensorial splitting functions and tensorial three-
parton antenna functions [19,40].
In constructing the subtraction terms for two colour-connected unresolved partons,
Section 2.3.2, we used the difference between four-parton antenna function and products of
three-parton antenna functions (2.17). The former are intended to subtract all singularities
in the double unresolved region, while the latter ensure that the whole subtraction term is
free of singularities in all single unresolved regions. If the four-parton antenna appearing
in (2.17) has simple unresolved limits where angular terms are present, the product of
two three-parton antenna functions in the same equation will no longer subtract its simple
collinear behaviour locally. The left-over terms are however vanishing after integration over
the antenna phase space, thus not affecting the cancellation of infrared poles.
To access these angular terms correctly, one has to keep track of the transverse mo-
mentum components of the collinear partons. The collinear limit of partons p1 and p2 is
defined [40] as the limit k⊥ → 0 of
pµ1 = z P
µ + kµ⊥ −
k2⊥
z
nµ
2P · n ,
pµ2 = (1− z) Pµ − kµ⊥ −
k2⊥
(1− z)
nµ
2P · n , (8.69)
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with
s12 ≡ 2 p1 · p2 = − k
2
⊥
z (1− z) . (8.70)
In these equations the vector Pµ (P 2 = 0) denotes the collinear direction, while nµ is
an auxiliary light-like vector, which is necessary to specify the transverse component k⊥
(k⊥ ·P = k⊥ ·n = 0). In the small k⊥ limit (i.e. neglecting terms that are less singular than
1/k2⊥), we find the following factorisation formulae of the four-parton antenna functions:
A04(1, 3, 4, 2)
3g‖4g−→ 1
s34
Pµνgg→G(z) (A
0
3)µν(1, (34), 2) ,
B04(1, 3, 4, 2)
3q‖4q¯−→ 1
s34
Pµνqq¯→Q(z) (A
0
3)µν(1, (34), 2) ,
D04(1, 3, 4, 5)
3g‖4g−→ 1
s34
Pµνgg→G(z) (D
0
3)µν(1, (34), 5) ,
D04(1, 3, 4, 5)
4g‖5g−→ 1
s45
Pµνgg→G(z) (D
0
3)µν(1, 3, (45)) ,
E04(1, 3, 4, 5)
3q‖4q¯−→ 1
s34
Pµνqq¯→G(z) (D
0
3)µν(1, (34), 5) ,
F 04 (1, 2, 3, 4)
ig‖jg−→ 1
sij
Pµνgg→G(z) (F
0
3 )µν((ij), k, l) ,
G04(1, 3, 4, 2)
1g‖2g−→ 1
s12
Pµνgg→G(z) (G
0
3)µν((12), 3, 4) ,
G04(1, 3, 4, 2)
3q‖4q¯−→ 1
s34
Pµνqq¯→G(z) (F
0
3 )µν(1, (34), 2) ,
H04 (1, 2, 3, 4)
1q‖2q¯−→ 1
s12
Pµνqq¯→G(z) (G
0
3)µν((12), 3, 4) ,
H04 (1, 2, 3, 4)
3q‖4q¯−→ 1
s34
Pµνqq¯→G(z) (G
0
3)µν((34), 1, 2) . (8.71)
The spin-dependent splitting functions Pµν appearing in these equations were given in
[19]. The tensorial three-parton antenna functions (X03 )µν can be derived by analogy with
the scalar three-parton antenna functions of Sections 5–7 from physical squared matrix
elements. Their tensorial structure is obtained by leaving the polarisation index of the
gluon associated with the momentum Pµ uncontracted. On contraction of the tensorial
three-parton antenna functions with a physical gluon polarisation average, we recover their
scalar counterparts.
It should be noted that the collinear factorisation (8.71) of four-parton antenna func-
tions in spin-dependent splitting functions and tensorial three-parton antenna functions
prevents us a priori from using the scalar (spin-independent) antenna functions derived in
the previous sections to construct local subtraction terms. It seems that tensorial antenna
functions are required. However this problem can be circumenvented by explicitly isolating
the angular terms as follows.
For each four-parton antenna function X04 yielding angular terms in a given simple
collinear limit (gluon splitting into two partons i and j in the final state), one considers an
angular function denoted by ΘX03 . This function must fulfil two properties: (1) it yields
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the correct local behaviour in this particular limit and (2) it integrates to zero over the
corresponding unresolved phase space. The second requirement is particularly important,
since it ensures that the analytic integration will not be modified by the presence of these
angular functions, and that the integrated scalar antennae are sufficient to fully describe
the pole structure of the antenna subtraction. In principle, a local counterterm is not even
required for the numerical implementation; it does however allow a point-by-point check
of the correct numerical behaviour of the subtraction terms, and guarantees considerable
improvement of the numerical stability.
We find that the local counterterms are obtained by the replacement
X04 (1, i, j, 2) → X04 (1, i, j, 2) −ΘX03 (i, j, z, k⊥) , (8.72)
where the angular function ΘX03 (i, j, z, k⊥) is given by,
ΘX03 (i, j, z, k⊥) =
[
1
sij
Pµνij→(ij)(z, k⊥)(X
0
3 )µν(1, (ij), 2) −
1
sij
Pij→(ij)(z) X
0
3 (1, (ij), 2)
]
.
(8.73)
In this equation, X03 is the appropriate three-parton antenna function obtained from X
0
4
when partons i and j build the parent parton (ij). Pµνij→(ij) stands for the spin-dependent
splitting function while Pij→(ij) stands for the spin averaged splitting function appropriate
to the limit under consideration. The collinear momentum fraction z can be expressed in
terms of invariants formed by the momenta appearing in the four-parton antenna phase
space. Its precise definition is irrelevant, as long as it yields the correct expression in the
collinear limit. After the replacement (8.72), the resulting four-parton antenna function is
locally free from singular terms in the single unresolved regions.
On the other hand, the term ΘX03 (i, j, z, k⊥) integrates to zero if integrated over the
unresolved phase space, since∫
dφ kµ⊥k
ν
⊥ f(k
2
⊥) = −
dµν
d− 2 k
2
⊥ f(k
2
⊥) , (8.74)
with
dµν = gµν − P
µnν + nµP ν
n · P
being the gluon polarisation sum in the axial gauge. Applied to the spin-dependent splitting
function Pµνij→(ij), relation (8.74) yields the spin-averaged splitting function d
µνPij→(ij).
Contraction with the tensorial antenna function (X03 )µν then reproduces the product of the
spin-averaged splitting function with the scalar antenna function Pij→(ij) (X
0
3 ). Integration
of ΘX03 over the three-parton antenna phase space made from momenta (i), (j) and either
(1) or (2) yields zero by construction.
To illustrate the angular replacement (8.72) on a specific example, we consider the
four-parton antenna function B04(1q, 3q′ , 4q¯′ , 2q¯) in the (3 ‖ 4) limit:
B04(1, 3, 4, 2) → B04(1, 3, 4, 2) −ΘA03(i, j, z, k⊥) , (8.75)
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with
ΘA03(i, j, z, k⊥) =
1
s34
Pµνqq¯→Q(z, k⊥) (A
0
3)µν(1, (34), 2) −
1
s34
Pqq¯→Q(z)A
0
3(1, (34), 2) ,
(8.76)
where z is the momentum fraction carried by one of the collinear partons in the angular
dependent function ΘA03(i, j, z, k⊥).
In the colour-connected double unresolved subtraction term (2.17), B04 appears in the
combination
B04(1, 3, 4, 2) − E03(1, 3, 4)A03(1, (34), 2) .
In the collinear (3 ‖ 4) limit, this expression is not vanishing, but yields some residual
angular terms. After substituting (8.75), this becomes
B04(1, 3, 4, 2) −
[
1
s34
Pµνqq¯→Q(z, k⊥) (A
0
3)µν(1, (34), 2) −
1
s34
Pqq¯→Q(z)A
0
3(1, (34), 2)
]
− E03(1, 3, 4)A03(1, (34), 2) , (8.77)
which is free of singularities in the 3 ‖ 4 limit, since (8.71) holds and,
E03(1, 3, 4)
3q‖4q¯−→ 1
s34
Pg→qq¯(z) . (8.78)
The term ΘA03(i, j, z, k⊥) vanishes when integrated over the unresolved phase space, because
of (8.74).
9. The 1/N2 contribution to e+e− → 3 jets at NNLO
To illustrate the application of antenna factorisation on a non-trivial example, in this
section we derive the 1/N2-contribution to the NNLO corrections to e+e− → 3 jets. For
completeness, and also for future reference, we will first discuss all NNLO contributions to
e+e− → 3 jets in Section 9.1. We construct the 1/N2 double real radiation subtraction term
in Section 9.2 and the 1/N2 virtual single real radiation subtraction term in Section 9.3.
In Section 9.4, we then show how the integrated subtraction terms cancel the 1/N2-poles
of the two-loop virtual corrections. Some details of the numerical implementation are
discussed in Section. 9.5. Finally, to illustrate the power of our approach, in Section 10 we
show that the infrared poles of the two-loop (including one-loop times one-loop) correction
to γ∗ → qq¯g are cancelled in all colour factors by a combination of integrated three-parton
and four-parton antenna functions.
The O(1/N2) colour or QED-like contribution to three jet production in electron
positron collisions receives contributions from several different partonic channels. There are
contributions from γ∗ → qq¯ggg and γ∗ → qq¯qq¯g at tree-level, γ∗ → qq¯gg and γ∗ → qq¯qq¯ at
one-loop and γ∗ → qq¯g at two-loops. The four-parton and five-parton final states contain
infrared singularities, which need to be extracted using the antenna subtraction formalism.
9.1 The matrix elements
First we list the tree, one-loop and two-loop amplitudes for γ∗ → n partons where n ≤ 5.
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9.1.1 Tree-level matrix elements for up to five partons
The tree-level amplitude M0qq¯(n−2)g for a virtual photon to produce a quark-antiquark pair
and (n− 2)-gluons,
γ∗(q)→ q(p1)q¯(p2)g(p3) . . . g(pn)
can be expressed as sum over the permutations of the colour-ordered amplitude M0A,n of
the possible orderings for the gluon colour indices
M0qq¯(n−2)g = ie(
√
2g)n−2
∑
(i,...,k)∈P (3,...,n)
(T ai · · · T an)i1i2M0A,n(p1, p3, . . . , pn, p2) . (9.1)
The squared matrix elements for n = 3, . . . , 5, summed over gluon polarisations, but
excluding symmetry factors for identical particles, are given by,∣∣M0qq¯g∣∣2 = N3A03(1q, 3g, 2q¯) , (9.2)∣∣M0qq¯gg∣∣2 = N4
 ∑
(i,j)∈P (3,4)
NA04(1q, ig, jg, 2q¯)−
1
N
A˜04(1q, 3g, 4g, 2q¯)
 , (9.3)
∣∣M0qq¯ggg∣∣2 = N5
[ ∑
(i,j,k)∈P (3,4,5)
(
N2A05(1q, ig, jg, kg, 2q¯)− A˜05(1q, ig, jg, kg, 2q¯)
)
+
(
N2 + 1
N2
)
A¯05(1q, 3g, 4g, 5g, 2q¯)
]
, (9.4)
where,
Nn = 4πα
∑
q
e2q
(
g2
)(n−2) (
N2 − 1) ∣∣M0qq¯∣∣2 , (9.5)
and ∣∣M0qq¯∣∣2 = 4(1 − ǫ)q2. (9.6)
The squared colour-ordered matrix elements A03, A
0
4 and A˜
0
4 are given in eqs. (5.5), (5.27)
and (5.28) respectively. For the five parton case,
A05(1q, ig, jg, kg, 2q¯)
∣∣M0qq¯∣∣2 = ∣∣∣∣M0A,5(p1, pi, pj, pk, p2)∣∣∣∣2 (9.7)
A˜05(1q, ig, jg, kg, 2q¯)
∣∣M0qq¯∣∣2 =∣∣∣∣M0A,5(p1, pi, pj , pk, p2) +M0A,5(p1, pi, pk, pj, p2) +M0A,5(p1, pk, pi, pj , p2)∣∣∣∣2, (9.8)
A¯05(1q, ig, jg, kg, 2q¯)
∣∣M0qq¯∣∣2 =
∣∣∣∣∣∣
∑
(i,j,k)∈P (3,...,5)
M0A,5(p1, pi, pj , pk, p2)
∣∣∣∣∣∣
2
. (9.9)
In the sub-leading colour contribution A˜05, gluon k is effectively photon-like, while in the
sub-sub-leading colour contribution (also called Abelian contribution), A¯05, all three gluons
are effectively photon-like. Photon-like gluons do not couple to three- and four-gluon
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vertices, and there are no simple collinear limits as any two photon-like gluons become
collinear. As a consequence, the only colour connected pair in A¯05 are the quark and
antiquark. All subtraction terms for this five-parton contribution are therefore based on
quark-antiquark antennae.
The tree-level amplitude for
γ∗(q)→ q(p1)q¯(p2)q′(p3)q¯′(p4)
is given by
M0qq¯q′q¯′ = ie1g
2δq1q2δq3q4
(
δi1i4δi3i2 −
1
N
δi1i2δi3i4
)
M0B,4(p1, p2, p3, p4)
+(1↔ 3, 2↔ 4) , (9.10)
where δq1q2δq3q4 indicates the quark flavours. The amplitude M0B,4(p1, p2, p3, p4) thus de-
notes the contribution from the q1q¯2–pair coupling to the vector boson. The identical quark
amplitude is obtained
M0qq¯qq¯ =M
0
qq¯q′q¯′ − (2↔ 4). (9.11)
The resulting four-quark squared matrix elements, summed over final state quark
flavours and including symmetry factors are given by∣∣M04q∣∣2 = ∑
q,q′
∣∣Mqq¯q′q¯′∣∣2 +∑
q
|Mqq¯qq¯|2
= N4
[
NFB
0
4(1q, 3q, 4q¯, 2q¯)−
1
N
(
C04 (1q, 3q, 4q¯, 2q¯) + C
0
4 (2q¯, 4q¯, 3q, 1q)
)
+NF,γ Bˆ
0
4(1q, 3q, 4q¯, 2q¯)
]
, (9.12)
where
B04(1q, 3q, 4q¯, 2q¯)
∣∣M0qq¯∣∣2 = ∣∣M0B,4(p1, p2, p3, p4)∣∣2 ,
C04 (1q, 3q, 4q¯, 2q¯)
∣∣M0qq¯∣∣2 = −Re(M0B,4(p1, p2, p3, p4)M0,†B,4(p1, p4, p3, p2)) , (9.13)
Bˆ04(1q, 3q, 4q¯, 2q¯)
∣∣M0qq¯∣∣2 = Re(M0B,4(p1, p2, p3, p4)M0,†B,4(p3, p4, p1, p2)). (9.14)
Explicit expressions for B04 and C
0
4 are given in eqs. (5.37) and (5.42) respectively. The last
term, Bˆ04 , is proportional to the charge weighted sum of the quark flavours, NF,γ , which
for electromagnetic interactions is given by,
NF,γ =
(
∑
q eq)
2∑
q e
2
q
. (9.15)
It is relevant only for observables where the final state quark charge can be determined.
There are four colour structures in the tree-level amplitude for
γ∗(q)→ q(p1)q¯(p2)q′(p3)q¯′(p4)g(p5)
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which reads
Mqq¯q′q¯′g = ie1g
3
√
2δq1q2δq3q4
×
[
T a5i1i4δi3i2M
0,a
B,5(p1, p2, p3, p4, p5)−
1
N
T a5i1i2δi3i4M
0,c
B,5(p1, p2, p3, p4, p5)
+T a5i3i2δi1i4M
0,b
B,5(p1, p2, p3, p4, p5)−
1
N
T a5i3i4δi1i2M
0,d
B,5(p1, p2, p3, p4, p5)
]
+(1↔ 3, 2↔ 4) . (9.16)
The amplitude M0,xB,5(p1, p2, p3, p4, p5) for x = a, . . . , d denotes the contribution from the
q1q¯2–pair coupling to the vector boson. Due to the colour decomposition, the following
relation holds between the leading and subleading colour amplitudes:
M0,eB,5(p1, p2, p3, p4, p5) = M0,aB,5(p1, p2, p3, p4, p5) +M0,bB,5(p1, p2, p3, p4, p5)
= M0,cB,5(p1, p2, p3, p4, p5) +M0,dB,5(p1, p2, p3, p4, p5) . (9.17)
As before, the identical quark matrix element is obtained by permuting the antiquark
momenta,
M0qq¯qq¯g =M
0
qq¯q′q¯′g − (2↔ 4). (9.18)
The squared matrix element, summed over flavours and including symmetry factors is
given by,∣∣M04qg∣∣2 =∑
q,q′
∣∣Mqq¯q′ q¯′g∣∣2 +∑
q
|Mqq¯qq¯g|2
= N5
[
NNF
(
B0,a5 (1q, 5g, 4q¯′ ; 3q′ , 2q¯) +B
0,b
5 (1q, 4q¯′ ; 3q′ , 5g, 2q¯)
)
+
NF
N
(
B0,c5 (1q, 5g, 2q¯; 3q′ , 4q¯′) +B
0,d
5 (1q, 2q¯; 3q′ , 5g, 4q¯′)− 2B0,e5 (1q, 2q¯; 3q′ , 4q¯′ ; 5g)
)
−C05 (1q, 3q, 4q¯, 5g, 2q¯) +
(
N2 + 1
N2
)(
C˜05 (1q, 3q, 4q¯, 5g, 2q¯) + C˜
0
5(2q¯, 4q¯, 3q, 5g, 1q)
)
−NNF,γ
(
Bˆ0,a5 (1q, 5g, 4q¯′ ; 3q′ , 2q¯) + Bˆ
0,b
5 (1q, 4q¯′ ; 3q′ , 5g, 2q¯)− Bˆ0,e5 (1q, 4q¯′ ; 3q′ , 2q¯, 5g)
)
+
NF,γ
N
(
Bˆ0,c5 (1q, 5g, 2q¯; 3q′ , 4q¯′) + Bˆ
0,d
5 (1q, 2q¯; 3q′ , 5g, 4q¯′) + Bˆ
0,e
5 (1q, 2q¯; 3q′ , 4q¯′ ; 5g)
)]
,
(9.19)
where for x = a, . . . , e
B0,x5 (. . .)
∣∣M0qq¯∣∣2 = |M0,xB,5(p1, p2, p3, p4, p5)|2, (9.20)
Bˆ0,x5 (. . .)
∣∣M0qq¯∣∣2 = Re(M0,xB,5(p1, p2, p3, p4, p5)M0,x,†B,5 (p3, p4, p1, p2, p5)) , (9.21)
and
C05 (1q, 3q, 4q¯, 5g, 2q¯)
∣∣M0qq¯∣∣2 = −2Re(M0,aB,5(p1, p2, p3, p4, p5)M0,c,†B,5 (p1, p4, p3, p2, p5)
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+M0,bB,5(p1, p2, p3, p4, p5)M0,d,†B,5 (p1, p4, p3, p2, p5)
+M0,aB,5(p1, p2, p3, p4, p5)M0,d,†B,5 (p3, p2, p1, p4, p5)
+M0,bB,5(p1, p2, p3, p4, p5)M0,c,†B,5 (p3, p2, p1, p4, p5)
)
,
(9.22)
C˜05 (1q, 3q, 4q¯, 5g, 2q¯)
∣∣M0qq¯∣∣2 = −Re(M0,eB,5(p1, p2, p3, p4, p5)M0,e,†B,5 (p1, p4, p3, p2, p5)).
(9.23)
9.1.2 One-loop matrix elements for up to four partons
The renormalised one-loop amplitude M1qq¯g for a virtual photon to produce a quark-
antiquark pair together with a single gluon,
γ∗(q)→ q(p1)q¯(p2)g(p3)
contains a single colour structure such that
M1qq¯g = ie
√
2g
(
g2
16π2
)
T a3i1i2M1A,3(p1, p3, p2) . (9.24)
Unless stated otherwise, the renormalisation scale is set to µ2 = q2.
The interference of the one-loop amplitude with the three-parton tree-level amplitude
(9.1) is given by
2Re
(
M0,†qq¯gM
1
qq¯g
)
= N3
(αs
2π
)
A
(1×0)
3 (1q, 3g, 2q¯) , (9.25)
where
A
(1×0)
3 (1q, 3g, 2q¯) =
(
N
[
A13(1q, 3g, 2q¯) +A12(s123)A03(1q, 3g, 2q¯)
]
− 1
N
[
A˜13(1q, 3g, 2q¯) +A12(s123)A03(1q, 3g, 2q¯)
]
+NF Aˆ
1
3(1q, 3g, 2q¯)
)
,
(9.26)
where A13, A˜
1
3 and Aˆ
1
3 are given up to O(ǫ0) in eqs. (5.13), (5.15) and (5.17) respectively.
The one-loop corrections to γ∗ → 4 partons have been available for some time [8]. The
one-loop amplitude for
γ∗(q)→ q(p1)q¯(p2)g(p3)g(p4)
contains two colour structures,
M1qq¯gg = ie2g
2
(
g2
16π2
)
×
[ ∑
(i,j)∈P (3,4)
(T aiT aj)i1i2
(
NM1,aA,4(p1, pi, pj , p2)−
1
N
M1,bA,4(p1, pi, pj, p2)
+NFM1,cA,4(p1, pi, pj, p2)
)
+
1
2
δaiajδi1i2M1,dA,4(p1, p3, p4, p2)
]
, (9.27)
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where
M1,dA,4(p1, p3, p4, p2) = M1,dA,4(p1, p4, p3, p2). (9.28)
The “squared” matrix element is the interference between the tree-level and one-loop
amplitudes,
2
∣∣∣M0,†qq¯ggM1qq¯gg∣∣∣ = N4 (αs2π)
×
[ ∑
(i,j)∈P (3,4)
(
N2A1,a4 (1q, ig, jg, 2q¯)−A1,b4 (1q, ig, jg, 2q¯) +NNFA1,c4 (1q, ig, jg, 2q¯)
)
−
(
A˜1,a4 (1q, 3g, 4g, 2q¯)− A˜1,d4 (1q, 3g, 4g, 2q¯)−
1
N2
A˜1,b4 (1q, 3g, 4g, 2q¯)
+
NF
N
A˜1,c4 (1q, 3g, 4g, 2q¯)
)]
, (9.29)
where for x = a, . . . , d,
A1,x4 (1q, ig, jg, 2q¯)
∣∣M0qq¯∣∣2 = Re(M1,xA,4(p1, pi, pj, p2)M0,†A,4(p1, pi, pj , p2)) , (9.30)
A˜1,x4 (1q, 3g, 4g, 2q¯)
∣∣M0qq¯∣∣2 = Re(M˜1,xA,4(p1, p3, p4, p2)M˜0,†A,4(p1, p3, p4, p2)) , (9.31)
and
M˜1,xA,4(p1, p3, p4, p2) = M1,xA,4(p1, p3, p4, p2) +M1,xA,4(p1, p4, p3, p2). (9.32)
The renormalised singularity structure of the various contributions can be easily writ-
ten in terms of the tree-level squared matrix elements multiplied by combinations of the
infrared singularity operators of Section 4. Explicitly, we find
Poles(A1,a4 (1q, ig, jg, 2q¯)) = 2
(
I(1)qg (ǫ, s1i) + I
(1)
gg (ǫ, sij) + I
(1)
gq¯ (ǫ, sj2)
)
A04(1q, ig, jg, 2q¯),
(9.33)
Poles(A1,b4 (1q, ig, jg, 2q¯)) = 2I(1)qq¯ (ǫ, s12)A04(1q, ig, jg, 2q¯), (9.34)
Poles(A1,c4 (1q, ig, jg, 2q¯)) = 2
(
I
(1)
qg,F (ǫ, s1i) + I
(1)
gg,F (ǫ, sij) + I
(1)
gq¯,F (ǫ, sj2)
)
A04(1q, ig, jg, 2q¯),
(9.35)
Poles(A˜1,a4 (1q, 3g, 4g, 2q¯)) =(
2I(1)gg (ǫ, s34) + I
(1)
qg (ǫ, s14) + I
(1)
gq¯ (ǫ, s23) + I
(1)
qg (ǫ, s13) + I
(1)
gq¯ (ǫ, s24)
)
A˜04(1q, 3g, 4g, 2q¯),
(9.36)
Poles(A˜1,b4 (1q, 3g, 4g, 2q¯)) = 2I(1)qq¯ (ǫ, s12)A˜04(1q, 3g, 4g, 2q¯), (9.37)
Poles(A˜1,c4 (1q, 3g, 4g, 2q¯)) =(
2I
(1)
gg,F (ǫ, s34) + I
(1)
qg,F (ǫ, s14) + I
(1)
gq¯,F (ǫ, s23) + I
(1)
qg,F (ǫ, s13) + I
(1)
gq¯,F (ǫ, s24)
)
×A˜04(1q, 3g, 4g, 2q¯), (9.38)
– 81 –
Poles(A˜1,d4 (1q, 3g, 4g, 2q¯)) =(
2I
(1)
qq¯ (ǫ, s12) + 2I
(1)
gg (ǫ, s34)− I(1)qg (ǫ, s14)− I(1)gq¯ (ǫ, s23)− I(1)qg (ǫ, s13)− I(1)gq¯ (ǫ, s24)
)
×A˜04(1q, 3g, 4g, 2q¯). (9.39)
As at tree-level, the one-loop amplitude for
γ∗(q)→ q(p1)q¯(p2)q′(p3)q¯′(p4)
contains two colour structures,
M1qq¯q′ q¯′ = ie1g
2
(
g2
16π2
)
δq1q2δq3q4
×
[
δi1i4δi3i2
(
NM1,aB,4(p1, p2, p3, p4)−
1
N
M1,bB,4(p1, p2, p3, p4) +NFM1,cB,4(p1, p2, p3, p4)
)
− 1
N
δi1i2δi3i4
(
NM1,dB,4(p1, p2, p3, p4)−
1
N
M1,eB,4(p1, p2, p3, p4)
+NFM1,fB,4(p1, p2, p3, p4)
)]
+ (1↔ 3, 2↔ 4) , (9.40)
where
M1,aB,4(p1, p2, p3, p4) +M1,eB,4(p1, p2, p3, p4) =M1,bB,4(p1, p2, p3, p4) +M1,dB,4(p1, p2, p3, p4).
(9.41)
As before, the identical quark matrix element is obtained by permuting the antiquark
momenta,
M1qq¯qq¯ =M
1
qq¯q′q¯′ − (2↔ 4). (9.42)
Summing over flavours and including symmetry factors, we find that the “squared”
matrix element, is given by
2
∣∣∣M0,†4q M14q∣∣∣ =∑
q,q′
2
∣∣∣M0,†qq¯q′q¯′M1qq¯q′ q¯′∣∣∣+∑
q
2
∣∣∣M0,†qq¯qq¯M1qq¯qq¯∣∣∣
= N4
(αs
2π
) [
NNFB
1,a
4 (1q, 3q, 4q¯, 2q¯)−
NF
N
B1,b4 (1q, 3q, 4q¯, 2q¯) +N
2
FB
1,c
4 (1q, 3q, 4q¯, 2q¯)
−C1,d4 (1q, 3q, 4q¯, 2q¯) +
1
N2
C1,e4 (1q, 3q, 4q¯, 2q¯)−
NF
N
C1,f4 (1q, 3q, 4q¯, 2q¯)
−C1,d4 (2q¯, 4q¯, 3q, 1q) +
1
N2
C1,e4 (2q¯, 4q¯, 3q, 1q)−
NF
N
C1,f4 (2q¯, 4q¯, 3q, 1q)
+NNF,γBˆ
1,a
4 (1q, 3q, 4q¯, 2q¯)−
NF,γ
N
Bˆ1,b4 (1q, 3q, 4q¯, 2q¯) +NFNF,γBˆ
1,c
4 (1q, 3q, 4q¯, 2q¯)
]
,
(9.43)
where for x = a, b, c
B1,x4 (1q, 3q, 4q¯, 2q¯)
∣∣M0qq¯∣∣2 = Re(M1,xB,4(p1, p2, p3, p4)M0,†B,4(p1, p2, p3, p4)) , (9.44)
Bˆ1,x4 (1q, 3q, 4q¯, 2q¯)
∣∣M0qq¯∣∣2 = Re(M1,xB,4(p1, p2, p3, p4)M0,†B,4(p3, p4, p1, p2)) , (9.45)
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and for x = d, e, f
C1,x4 (1q, 3q, 4q¯, 2q¯)
∣∣M0qq¯∣∣2 = −Re(M1,xB,4(p1, p2, p3, p4)M0,†B,4(p1, p4, p3, p2)) . (9.46)
Using the infrared singularity operators of section 4, we can extract the singular con-
tributions of the renormalised one-loop contribution as,
Poles(B1,a4 (1q, 3q, 4q¯, 2q¯)) = 2
(
I
(1)
qq¯ (ǫ, s14) + I
(1)
qq¯ (ǫ, s23)
)
B04(1q, 3q, 4q¯, 2q¯), (9.47)
Poles(B1,b4 (1q, 3q, 4q¯, 2q¯)) =
2
(
2I
(1)
qq¯ (ǫ, s14)− 2I(1)qq¯ (ǫ, s13) + 2I(1)qq¯ (ǫ, s23)− 2I(1)qq¯ (ǫ, s24) + I(1)qq¯ (ǫ, s12) + I(1)qq¯ (ǫ, s34)
)
×B04(1q, 3q, 4q¯, 2q¯), (9.48)
Poles(C1,d4 (1q, 3q, 4q¯, 2q¯)) = 2
(
I
(1)
qq¯ (ǫ, s13) + I
(1)
qq¯ (ǫ, s24)
)
C04 (1q, 3q, 4q¯, 2q¯), (9.49)
Poles(C1,e4 (1q, 3q, 4q¯, 2q¯)) =
2
(
I
(1)
qq¯ (ǫ, s12) + I
(1)
qq¯ (ǫ, s14) + I
(1)
qq¯ (ǫ, s23) + I
(1)
qq¯ (ǫ, s34)− I(1)qq¯ (ǫ, s13)− I(1)qq¯ (ǫ, s24)
)
×C04(1q, 3q, 4q¯, 2q¯), (9.50)
Poles(Bˆ1,a4 (1q, 3q, 4q¯, 2q¯)) = 2
(
I
(1)
qq¯ (ǫ, s14) + I
(1)
qq¯ (ǫ, s23)
)
Bˆ04(1q, 3q, 4q¯, 2q¯), (9.51)
Poles(Bˆ1,b4 (1q, 3q, 4q¯, 2q¯)) =
2
(
2I
(1)
qq¯ (ǫ, s14)− 2I(1)qq¯ (ǫ, s13) + 2I(1)qq¯ (ǫ, s23)− 2I(1)qq¯ (ǫ, s24) + I(1)qq¯ (ǫ, s12) + I(1)qq¯ (ǫ, s34)
)
×Bˆ04(1q, 3q, 4q¯, 2q¯) . (9.52)
9.1.3 Two-loop matrix elements for three partons
The renormalised two-loop amplitude M2qq¯g for a virtual photon to produce a quark-
antiquark pair together with a single gluon,
γ∗(q)→ q(p1)q¯(p2)g(p3)
contains a single colour structure such that
M2qq¯g = ie
√
2g
(
g2
16π2
)2
T a3i1i2M2A,3(p1, p3, p2) . (9.53)
At NNLO, there are two contributions. One from the interference of the two-loop and
tree-level amplitudes (9.1), the other from the square of the one-loop amplitudes given in
(9.24). These terms were computed in [5] and are given by,
2Re
(
M0,†qq¯gM
2
qq¯g
)
= N3
(αs
2π
)2
A
(2×0)
3 (1q, 3g, 2q¯) , (9.54)
Re
(
M1,†qq¯gM
1
qq¯g
)
= N3
(αs
2π
)2
A
(1×1)
3 (1q, 3g, 2q¯) . (9.55)
Following [48], we organise the infrared pole structure of the NNLO contributions renor-
malised in the MS scheme in terms of the tree and renormalised one-loop amplitudes such
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that,
Poles
(
A
(2×0)
3 (1q, 3g, 2q¯) +A
(1×1)
3 (1q, 3g, 2q¯)
)
= 2
[
−
(
I
(1)
qq¯g(ǫ)
)2
− β0
ǫ
I
(1)
qq¯g(ǫ)
+e−ǫγ
Γ(1− 2ǫ)
Γ(1− ǫ)
(
β0
ǫ
+K
)
I
(1)
qq¯g(2ǫ) + H
(2)
qq¯g
]
A03(1q, 3g, 2q¯)
+2 I
(1)
qq¯g(ǫ)A
(1×0)
3 (1q, 3g, 2q¯) . (9.56)
Here,
I
(1)
qq¯g(ǫ) = N
(
I
(1)
qg (ǫ, s13) + I
(1)
qg (ǫ, s23)
)
− 1
N
I
(1)
qq¯ (ǫ, s12)
+NF
(
I
(1)
qg,F (ǫ, s13) + I
(1)
qg,F (ǫ, s23)
)
, (9.57)
with the individual I
(1)
ij defined in (4.1) and
H
(2)
qq¯g =
eǫγ
4 ǫΓ(1− ǫ)
[(
4ζ3 +
589
432
− 11π
2
72
)
N2 +
(
−1
2
ζ3 − 41
54
− π
2
48
)
+
(
−3ζ3 − 3
16
+
π2
4
)
1
N2
+
(
−19
18
+
π2
36
)
NNF +
(
− 1
54
− π
2
24
)
NF
N
+
5
27
N2F .
]
.
(9.58)
We denote the finite contributions as,
Finite(A(2×0)3 (1q, 3g, 2q¯)) = N2A(2×0),finite3,N2 +A
(2×0),finite
3,1 +
1
N2
A
(2×0),finite
3,1/N2
+NNFA
(2×0),finite
3,NNF
+
NF
N
A
(2×0),finite
3,NF /N
+N2FA
(2×0),finite
3,N2
F
+NF,γ
(
4
N
−N
)
A
(2×0),finite
3,N2
F,γ
, (9.59)
Finite(A(1×1)3 (1q, 3g, 2q¯)) = N2A(1×1),finite3,N2 +A
(1×1),finite
3,1 +
1
N2
A
(1×1),finite
3,1/N2
+NNFA
(1×1),finite
3,NNF
+
NF
N
A
(1×1),finite
3,NF /N
+N2FA
(1×1),finite
3,N2
F
. (9.60)
Explicit formulae for the finite remainders have been given in [5]. These are expressed
in terms of one-dimensional and two-dimensional harmonic polylogarithms (HPLs and
2dHPLs) [50,51], which are generalisations of the well-known Nielsen polylogarithms [52].
A numerical implementation, which is required for all practical applications, is available
for HPLs and 2dHPLs [53].
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9.2 Five-parton contribution
Two different five-parton final states contribute at 1/N2 to three-jet final states at NNLO:
γ∗ → qq¯ggg and γ∗ → qq¯qq¯g with identical quarks.
The most colour suppressed contribution to the squared matrix element for γ∗ → qq¯ggg
is proportional to 1/N2. It is given by,∣∣M0qq¯3g∣∣2 = N5 1N2 A¯05(1q, 3g, 4g, 5g, 2q¯), (9.61)
while the identical quark contribution is∣∣M04qg∣∣2 = N5 1N2 [C˜05 (1q, 2q¯, 3q, 4q¯, 5g) + C˜05 (3q, 2q¯, 1q, 4q¯, 5g)] . (9.62)
The NNLO radiation term appropriate for the three jet final state is given by
dσRNNLO = dσ
R
NNLO,A¯ + dσ
R
NNLO,C˜
, (9.63)
with
dσRNNLO,A¯ =
N5
N2
dΦ5(p1, . . . , p5; q)
1
3!
A¯05(1q, 3g, 4g, 5g, 2q¯)J
(5)
3 (p1, . . . , p5) , (9.64)
dσR
NNLO,C˜
=
N5
N2
dΦ5(p1, . . . , p5; q) 2 C˜
0
5 (1q, 2q¯, 3q, 4q¯, 5g)J
(5)
3 (p1, . . . , p5) , (9.65)
where the symmetry factor in front of A¯05 is due to the inherent indistinguishability of
gluons. The factor 2 in front of C˜05 arises from the fact that two different momentum
arrangements contribute to the squared matrix element (9.62). If the quarks and antiquarks
are not distinguished by the jet functions, these contribute equally.
The subtraction terms for these cross sections are straightforwardly obtained using the
procedure detailed in Section 2. Because there is only a single colour connected pair at
1/N2, there are no singularities associated with almost colour-unconnected or unconnected
unresolved partons for either of the two contributions. Therefore
dσS,cNNLO = dσ
S,d
NNLO = 0. (9.66)
The other two types of real radiation subtraction terms are decomposed according to
(9.63) as
dσS,iNNLO = dσ
S,i
NNLO,A¯
+ dσS,i
NNLO,C˜
. (9.67)
The subtraction terms for a single unresolved parton are obtained using (2.16),
dσS,a
NNLO,A¯
=
N5
N2
dΦ5(p1, . . . , p5; q)
1
3!
×
∑
i,j,k∈PC(3,4,5)
A03(1q, ig, 2q¯) A˜
0
4((˜1i)q, jg, kg, (˜2i)q¯) J
(4)
3 (p˜1i, pj, pk, p˜2i) ,
dσS,a
NNLO,C˜
=
N5
N2
dΦ5(p1, . . . , p5; q) 2
×
{
A03(1q, 5g, 2q¯)C
0
4 ((˜15)q, 3q, 4q¯, (˜25)q¯)J
(4)
3 (p˜15, p3, p4, p˜25)
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+A03(1q, 5g, 4q¯)C
0
4 ((˜15)q, 3q, (˜45)q¯, 2q¯)J
(4)
3 (p˜15, p2, p3, p˜45)
+A03(3q, 5g, 2q¯)C
0
4 (1q, (˜35)q, 4q¯, (˜25)q¯)J
(4)
3 (p˜35, p1, p4, p˜25)
+A03(3q, 5g, 4q¯)C
0
4 (1q, (˜35)q, (˜45)q¯, 2q¯)J
(4)
3 (p˜35, p1, p2, p˜35)
−A03(1q, 5g, 3q)C04 ((˜15)q, (˜35)q, 4q¯, 2q¯)J (4)3 (p˜15, p2, p4, p˜35)
−A03(2q¯, 5g, 4q¯)C04 (1q, 3q, (˜45)q¯, (˜25)q¯)J (4)3 (p˜25, p1, p3, p˜45)
}
. (9.68)
The sum in the first contribution runs only over the three cyclic permutations of the gluon
momenta to prevent double counting of identical configurations obtained by interchange of
j and k.
The colour-connected double unresolved subtraction terms are given by (see (2.17)),
dσS,b
NNLO,A¯
= N5 dΦ5(p1, . . . , p5; q)
1
3!
∑
i,j,k∈PC(3,4,5)
(
A˜04(1q, ig, jg, 2q¯)
−A03(1q, ig, 2q¯) A03((˜1i)q, jg, (˜2i)q¯) −A03(1q, jg, 2q¯) A03((˜1j)q, ig, (˜2j)q¯)
)
×A03((˜1ij)q, kg, (˜2ij)q¯)J (3)3 (p˜1ij , pk, p˜2ij) , (9.69)
dσS,b
NNLO,C˜
= N5 dΦ5(p1, . . . , p5; q) 2
× C04 (1q, 3q, 4q¯, 2q¯)A03((˜134)q, 5g, (˜234)q¯)J (3)3 (p˜134, p5, p˜234) . (9.70)
In the last equation, no single unresolved terms have to be subtracted from C04 , which
contains only a single triple collinear limit, but no single unresolved limits (8.30).
By construction, the combination
dσRNNLO − dσS,aNNLO − dσS,bNNLO (9.71)
is finite in all unresolved limits.
The momentum maps used in (9.68)–(9.70) are explicit realizations of the generic
momentum maps denoted in Section 2. In particular, in the single unresolved subtraction
term (9.68), we map the three on-shell momenta i, j and k onto the on-shell momenta (i˜j)
and (k˜j) by using the three-to-two-parton momentum map of [25]. With this mapping,
the single unresolved phase spaces in the collinear limits of the unresolved momentum k
with the hard momenta i or j are treated symmetrically. This mapping is in contrast to
the dipole phase space mapping [40], where one collinear limit is mapped out to a larger
phase space volume than the other. In the double unresolved subtraction terms (9.69) and
(9.70), we map the four on-shell momenta i, j, k and l onto the on-shell momenta (i˜jk)
and (l˜jk) by using the ordered four-to-two-parton momentum map of [25]. This mapping
guarantees that both triple collinear limits of the unresolved momenta j and k with the
hard momenta i or l are treated symmetrically. The single unresolved limits of j with i
and of k with l are also mapped in a symmetric manner, ensuring the correctness of the
double unresolved limit obtained by combining both of them. However, the phase space
mapping of [25] used here does not yield the correct single unresolved behaviour of the
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phase space in the simple collinear limits of k with i or of j with l (as explained in detail
in [25], it is not possible to construct a single four-to-two-parton momentum map which
yields the correct simple unresolved behaviour in all four limits). We therefore decompose
A˜04 into its ordered components (which contain only two of the four simple collinear limits),
as explained in the context of (5.28) and use either the ordered mapping onto (i˜jk) and
(l˜jk) or onto (i˜kj) and (l˜kj). For clarity, these two mappings are not distinguished in
(9.69). Since C04 contains no simple collinear limit, but only triple collinear limits, it does
not need to be decomposed any further.
9.3 Four-parton contribution
At one-loop, there are two contributions to the colour suppressed contribution proportional
to 1/N2, one from the four quark final state and one from the two quark-two gluon final
state. We therefore decompose the virtual one-loop four-parton contribution as
dσV,1NNLO = dσ
V,1
NNLO,A¯
+ dσV,1
NNLO,C˜
, (9.72)
with
dσV,1
NNLO,A¯
=
N4
N2
(αs
2π
)
dΦ4(p1, . . . , p4; q)
1
2!
A˜1,b4 (1q, 3g, 4g, 2q¯) J
(4)
3 (p1, . . . , p4), (9.73)
dσV,1
NNLO,C˜
=
N4
N2
(αs
2π
)
dΦ4(p1, . . . , p4; q) 2C
1,e
4 (1q, 3q, 4q¯, 2q¯) J
(4)
3 (p1, . . . , p4), (9.74)
where the origin of the symmetry factors is as in the real radiation five-parton contributions
of the previous section.
As detailed in Section 2, there are three subtraction terms; the subtraction of the
infrared poles in the one-loop contribution, the subtraction of the one-loop unresolved part
and a compensation term outside the singular region. The first of these three terms is
constructed in (2.31). Following (2.32), it is minus the integrated form of dσS,aNNLO given
in (9.68):
dσV S,1,a
NNLO,A¯
= −N4
N2
(αs
2π
)
dΦ4(p1, . . . , p4; q)
1
2!
× A03(s12) A˜04(1q, 3g, 4g, 2q¯)J (4)3 (p1, p3, p4, p2) , (9.75)
dσV S,1,a
NNLO,C˜
= −N4
N2
(αs
2π
)
dΦ4(p1, . . . , p4; q) 2
×
{
A03(s12) +A03(s14) +A03(s23) +A03(s34)−A03(s13)−A03(s24)
}
× C04 (1q, 3q, 4q¯, 2q¯)J (4)3 (p1, p3, p4, p2) . (9.76)
Given that Poles(A03(sij)) = −2I(1)qq¯ (sij), we see that the pole structures of these subtrac-
tion terms exactly cancel the pole structure of A˜1,b4 given in (9.37) and of C
1,e
4 given in
(9.50).
Single particle unresolved contributions have to be subtracted only from (9.73), since
(9.74) vanishes in all its single unresolved limits, implying
dσV S,1,b
NNLO,C˜
= dσV S,1,c
NNLO,C˜
= 0 . (9.77)
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Moreover, renormalisation does not affect the colour structure considered here.
From (2.33), we find:
dσV S,1,b
NNLO,A¯
=
N4
N2
(αs
2π
)
dΦ4(p1, . . . , p4; q)
1
2!
×
∑
i,j∈P (3,4)
(
A˜13(1q, ig, 2q¯)A
0
3((˜1i)q, jg, (˜2i)q¯)
+A03(1q, ig, 2q¯)
[
A˜13((˜1i)q, jg, (˜2i)q¯) +A12(s1234)A03((˜1i)q, jg, (˜2i)q¯)
])
×J (3)3 (p˜1i, pj, p˜2i) . (9.78)
The previous term correctly subtracts the singularities in the unresolved limits. How-
ever away from the limit, where the jet algorithm combines the partons, it introduces
spurious poles. These terms are compensated by (2.36). In this case there are only two
hard radiators - the quark and antiquark so that i ≡ n = 1 and j ≡ p = 2:
dσV S,1,c
NNLO,A¯
=
N4
N2
(αs
2π
)
dΦ4(p1, . . . , p4; q)
1
2!
×
∑
i,j∈P (3,4)
A03(s12)A03(1q, ig, 2q¯)A03((˜1i)q, jg, (˜2i)q¯)J (3)3 (p˜1i, pj, p˜2i) . (9.79)
This term corresponds to integrating the last two terms of dσS,bNNLO given in (9.69).
Taken together, the explicit poles in (9.78) and (9.79) cancel. Explicitly, while dropping
overall factors of phase space etc., and using the definitions given in Sections 4 and 5, the
pole part of (9.79) is proportional to
−2I(1)qq¯ (ǫ, s12)A03(1q, ig, 2q¯)A03((˜1i)q, jg, (˜2i)q¯),
while the first term in (9.78) is(
2I
(1)
qq¯ (ǫ, s12)− 2I(1)qq¯ (ǫ, s12i)
)
A03(1q, ig, 2q¯)A
0
3((˜1i)q, jg, (˜2i)q¯).
The second term in eq. (9.78) is
2I
(1)
qq¯ (ǫ, s12i)A
0
3(1q, ig, 2q¯)A
0
3((˜1i)q, jg, (˜2i)q¯).
Adding these contributions, we see that the explicit poles cancel.
By construction, the combination
dσV,1NNLO − dσV S,1,aNNLO − dσV S,1,bNNLO − dσV S,1,cNNLO (9.80)
is free of explicit 1/ǫ-poles. Furthermore, it is also finite in its unresolved limits.
9.4 Three-parton contribution
The three-parton contribution consists of the two-loop three-parton matrix element to-
gether with the integrated forms of the five-parton and four-parton subtraction terms,
dσV,2NNLO + dσ
S
NNLO + dσ
V S,1
NNLO .
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We have shown in the previous subsections that parts of the double real radiation subtrac-
tion term cancel already with the virtual subtraction term. To make these cancellations
explicit, we introduce a function dσTNNLO, which subtracts these terms from dσ
S
NNLO and
adds them to dσV S,1NNLO. After these cancellations, we observe that the three-parton contri-
bution reduces to
dσV,2NNLO +
(
dσSNNLO − dσTNNLO
)
+
(
dσV S,1NNLO + dσ
T
NNLO
)
.
Upon integration of the unresolved phase space, we find
dσSNNLO − dσTNNLO =
1
N2
(
1
2
A˜04(s12) + 2C04(s12)
)
A03(1q, 3g, 2q¯) dσ3 , (9.81)
where we defined the three-parton normalisation factor
dσ3 = N3
(αs
2π
)2
dΦ3(p1, p2, p3; q)J
(3)
3 (p1, p2, p3) . (9.82)
Using the explicit formulae for A˜04 and C04 presented in Section 5, we find that the
singular contribution is given by
Poles(dσSNNLO − dσTNNLO) =
1
N2
[
2
(
I
(1)
qq¯ (ǫ, s12)
)2 −H(2)
R,A˜
(ǫ, s12)−H(2)R,C˜(ǫ, s12)
]
A03(1q, 3g, 2q¯) dσ3. (9.83)
Similarly, integration of (9.78) yields,
dσV S,1NNLO + dσ
T
NNLO =
1
N2
(
A˜13(s12)A03(1q, 3g, 2q¯)
+A03(s12)
[
A˜13(1q, 3g, 2q¯) +A12(s123)A03(1q, 3g, 2q¯)
])
dσ3 ,
(9.84)
resulting in
Poles(dσV S,1NNLO + dσTNNLO) =
1
N2
(
−H(2)
V,A˜
(ǫ, s12) + 2I
(1)
qq¯ (ǫ, s12)
[
A˜13(1q, 3g, 2q¯) +A12(s123)A03(1q, 3g, 2q¯)
])
dσ3,
(9.85)
where it is noteworthy that the finite part of A03 in (9.84) is cancelled exactly by the terms
proportional to A12 in A˜13 (5.23).
At O(1/N2), the singular two-loop virtual contribution is given by expanding (9.56).
We find,
Poles(dσV,2NNLO) =
1
N2
([
−2
(
I
(1)
qq¯ (ǫ, s12)
)2
+ 2H
(2)
qq¯,1/N2
(ǫ, s12)
]
A03(1q, 3g, 2q¯)
+2I
(1)
qq¯ (ǫ, s12)
[
A˜13(1q, 3g, 2q¯) +A12(s123)A03(1q, 3g, 2q¯)
])
dσ3.
(9.86)
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Using relation between the hard radiation operators H given in (4.9), it is easy to see
that
Poles(dσSNNLO + dσV S,1NNLO + dσVNNLO) = 0. (9.87)
The three-parton contribution is thus free of explicit infrared poles. The remaining finite
contributions are fully differential in the three-jet variables and can be integrated numeri-
cally for any given infrared-safe jet definition.
9.5 Numerical implementation
Starting from the program EERAD2 [10], which computes four-jet production at NLO, we
implemented the NNLO antenna subtraction method for the 1/N2 colour factor contri-
bution to e+e− → 3j. EERAD2 already contains the five-parton and four-parton matrix
elements relevant here, as well as the NLO-type subtraction terms dσS,aNNLO and dσ
V S,1,a
NNLO.
The implementation contains three channels, classified by their partonic multiplicity:
• in the five-parton channel, we integrate
dσRNNLO − dσSNNLO . (9.88)
• in the four-parton channel, we integrate
dσV,1NNLO − dσV S,1NNLO . (9.89)
• in the three-parton channel, we integrate
dσV,2NNLO + dσ
S
NNLO + dσ
V S,1
NNLO . (9.90)
The numerical integration over these channels is carried out by Monte Carlo methods using
the VEGAS [54] implementation.
It was already demonstrated above that the integrands in the four-parton and three-
parton channel are free of explicit infrared poles. In the five-parton and four-parton
channel, we tested the proper implementation of the subtraction by generating trajec-
tories of phase space points approaching a given single or double unresolved limit using
the RAMBO [55] phase space generator. Along these trajectories, we observe that the an-
tenna subtraction terms converge locally towards the physical matrix elements (it has to
be pointed out that the 1/N2 colour structure is free of angular terms, since it does not
involve any gluon splitting processes), and that the cancellations among individual contri-
butions to the subtraction terms take place as expected in Section 2. Moreover, we checked
the correctness of the subtraction by introducing a lower cut (slicing parameter) on the
phase space variables, and observing that our results are independent of this cut (provided
it is chosen small enough). This behaviour indicates that the subtraction terms ensure
that the contribution of potentially singular regions of the final state phase space does not
contribute to the numerical integrals, but is accounted for analytically.
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10. Infrared cancellations in e+e− → 3 jets at NNLO
To finally illustrate the power of the antenna subtraction method at NNLO, we note that the
infrared poles of the two-loop (including one-loop times one-loop) correction to γ∗ → qq¯g
are cancelled in all colour factors by a combination of integrated three-parton and four-
parton antenna functions.
The integrated five-parton double real radiation subtraction term for three-jet produc-
tion after cancellation of terms with the virtual single unresolved subtraction term reads:
dσSNNLO − dσTNNLO = X Sqq¯g,NNLO A03(1q, 3g, 2q¯) dσ3 (10.1)
with
X Sqq¯g,NNLO =
N2
[
1
2
D04(s13) +
1
2
D04(s23)−
1
8
(D03(s13)−D03(s23))2
−1
2
(
A˜04(s12)−A03(s12)A03(s12)
)]
+N0
[
−A04(s12)−
1
2
A˜04(s12)− 2 C04(s12)
−1
2
A03(s12)
(D03(s13) +D03(s23))+A03(s12)A03(s12)]
+
1
N2
[
1
2
A˜04(s12) + 2 C04(s12)
]
+N NF
[
E04 (s13) + E04 (s23)−
1
4
(D03(s13) E03 (s13) +D03(s23) E03 (s23))
+
1
4
(D03(s13) E03 (s23) +D03(s23) E03 (s13)) ]
+
NF
N
[
− B04(s12)−
1
2
E˜04 (s13)−
1
2
E˜04 (s23)−
1
2
A03(s12)
(E03 (s13) + E03 (s23)) ].(10.2)
Integration of the remainder of the four-parton single real radiation subtraction term
produces
dσV S,1NNLO + dσ
T
NNLO =
{
X V Sqq¯g,NNLO A03(1q, 3g, 2q¯) + X V S,treeqq¯g,NNLO A(1×0)3 (1q, 3g, 2q¯)
+X V S,βqq¯g,NNLO
β0
ǫ
A03(1q, 3g, 2q¯)
}
dσ3 , (10.3)
with
X V Sqq¯g,NNLO = N2
[
1
2
D13(s13) +
1
2
D13(s23)− A˜13(s12)
]
+N0
[
−A13(s12)− A˜13(s12)
]
+
1
N2
A˜13(s12)
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+N NF
[
1
2
Dˆ13(s13) +
1
2
Dˆ13(s23) +
1
2
E13 (s13) +
1
2
E13 (s23)
]
+
NF
N
[
− Aˆ13(s12)−
1
2
E˜13 (s13)−
1
2
E˜13 (s23)
]
+N2F
[
1
2
Eˆ13 (s13) +
1
2
Eˆ13 (s23)
]
, (10.4)
X V S,treeqq¯g,NNLO = N
[
1
2
D03(s13) +
1
2
D03(s23)
]
+NF
[
1
2
E03 (s13) +
1
2
E03 (s23)
]
− 1
N
A03(s12) ,
(10.5)
X V S,βqq¯g,NNLO = N
[
1
2
D03(s13)
[
(s13)
−ǫ − (s123)−ǫ
]
+
1
2
D03(s23)
[
(s23)
−ǫ − (s123)−ǫ
]]
+NF
[
1
2
E03 (s13)
[
(s13)
−ǫ − (s123)−ǫ
]
+
1
2
E03 (s23)
[
(s23)
−ǫ − (s123)−ǫ
]]
− 1
N
A03(s12)
[
(s12)
−ǫ − (s123)−ǫ
]
. (10.6)
Adding these integrated subtraction terms to the two-loop three-parton contribution
to γ∗ → qq¯g [5], discussed in Section 9.1.3, one observes
Poles
(
dσSNNLO + dσ
V S,1
NNLO + dσ
V,2
NNLO
)
= 0 (10.7)
for all colour structures (9.56). This highly non-trivial cancellation clearly illustrates that
the antenna functions derived in this paper correctly approximate QCD matrix elements
in all infrared singular limits at NNLO. The formulae in this section also outline the
structure of infrared cancellations in e+e− → 3j at NNLO, and indicate the structure of
the subtraction terms in all colour factors.
The above formulae also illustrate several aspects of the antenna subtraction method
which were discussed in more generality in the preceeding sections.
The subtraction terms for two colour-unconnected and almost colour-unconnected un-
resolved partons dσS,cNNLO (2.24) and dσ
S,d
NNLO (2.26) cancel partially with the virtual one-
loop single unresolved subtraction term dσV S,1,cNNLO (2.36). The pattern of these cancellations
is different for each colour factor, as can be seen from the different products of two tree-level
three-parton antenna functions in (10.2).
In Sections 6 and 8.3.2, we indicated that the tree-level four-parton quark-gluon-gluon-
gluon antenna function D04 contains an unwanted double unresolved limit due to the cyclic
nature of its colour indices. In the N2–contribution to (10.2), we see how this limit can be
removed by subtraction of the subleading colour quark-antiquark antenna function A˜04 and
its strongly ordered limits. We observe that a similar subtraction has to be carried out on
the one-loop three-parton antenna function D13 in (10.4).
11. Conclusions
In this paper, we presented a new method for the subtraction of infrared singularities in
the calculation of jet observables at NNLO. We introduced subtraction terms for double
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real radiation at tree level and single real radiation at one loop based on antenna func-
tions. These antenna functions describe the colour-ordered radiation of unresolved partons
between a pair of hard (radiator) partons.
All antenna functions at NLO and NNLO can be derived from physical matrix elements:
quark-antiquark antenna functions from the corrections to the process γ∗ → qq¯ [44], quark-
gluon antenna functions from χ˜ → g˜g [46] and gluon-gluon antenna functions from H →
gg [47]. We listed all three-parton tree-level and one-loop antenna functions as well as all
four-parton tree-level antenna functions in their explicit, unintegrated form. We provided
all integrals of these functions over the three- and four-parton antenna phase spaces for
the kinematical situation of a neutral massive particle decaying into massless partons, as
is relevant to e+e− → m jets. Having the subtraction terms in both unintegrated and
integrated form, they can now be directly implemented into a parton level NNLO event
generator for jet production in electron-positron annihilation.
To demonstrate the application of our new method on a non-trivial example, we im-
plemented the NNLO corrections to the subleading colour contribution to e+e− → 3 jets.
Starting from an existing programme for e+e− → 4 jets at NLO [10], we constructed the
newly required subtraction terms for double unresolved real radiation in the five-parton
channel and for single unresolved real radiation off one-loop matrix elements in the four-
parton channel. We observed that after implementation of these subtraction terms, five-
parton and four-parton channels integrate to numerically finite contributions to three-jet
final states, and that the four-parton channel is free from explicit infrared singularities from
the loop integrations and the subtraction terms. All explicit infrared singularities obtained
from integrating the newly introduced subtraction terms cancel in the three-parton channel
after adding with the the genuine two-loop virtual corrections to this channel, which were
computed previously [5]. A further illustration of the potential of our method is given in
Section 10, where we demonstrate that the infrared poles of the two-loop virtual correc-
tions to e+e− → 3 jets cancel in all its seven colour factors against linear combinations of
integrated NNLO antenna functions.
An immediate application of the method presented here is the calculation of the full
NNLO corrections to e+e− → 3 jets [56]. The antenna subtraction method can be further
generalised to NNLO corrections to jet production in lepton-hadron or hadron-hadron
collisions. In these kinematical situations, the subtraction terms are constructed using the
same antenna functions, but in different phase space configurations: instead of the 1 → n
decay kinematics considered here, 2 → n scattering kinematics are required, which can
also contain singular configurations due to single or double initial state radiation. These
require new sets of integrated antenna functions.
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